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We  introduce  a generalized  operator  convexity  for  completely  positive  maps, 
which  we  call  “CP- convexity,”  and  develop  its  theory  and  applications  to  operator 
algebras.  This  CP-convexity  theory  can  be  regarded  as  a “quantization”  of  the 
scalar-  convexity  theory,  which  interpolates  the  scalar  convexity  theory  on  the  state 
spaces  and  the  algebraic  theory  for  the  representations. 

Let  A be  a C*-algebra  and  H be  a Hilbert  space  such  that  any  cyclic  repre- 
sentation of  A is  realized  on  H.  Then  our  main  stage  is  the  CP-state  space  Qh{A) 
of  A.  which  is  defined  to  be  the  unit  ball  of  the  cone  CP(A,  B(H))  of  all  completely 
positive  maps  from  A to  B(H)]  a generalization  of  the  quasi-state  space  of  the  scalar 
convexity  theory.  We  define  the  notions  of  CP -convex  combination,  CP -affine  map. 
CP  -face,  etc.,  and  prove  duality  theorems  between  C*-  [resp.  W*-]  algebras  and 
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the  CP-state  spaces  [resp.  the  normal  CP-state  spaces]  as  the  dual  objects,  and 
discuss  the  duality  between  the  ideal  structure  of  the  algebra  and  the  CP-facial 
structure  of  the  CP-state  space.  This  new  duality  has  the  advantage  to  recover  the 
full  C*-structure. 

The  notion  of  completely  positive  map  and  the  CP-duality  arguments  are 
generalized  for  JC-algebras,  and  with  these  parallel  arguments,  we  formulate  simple 
orientability  conditions,  which  distinguish  the  category  of  C*-  [resp.  W*-]  algebras 
among  JC-  [resp.  JW-]  algebras. 

We  develop  a measure  and  integration  theory  inherent  to  C'P-convexity,  which 
is  a natural  generalization  of  the  Lebesgue  integral  for  positive  operator  map  valued 
measure  between  order  unit  spaces,  and  using  this  integration  theory,  we  prove 
decomposition  theorems  for  some  classes  of  CP-maps  and  generalize  the  Choquet 
theorem  for  CP-state  spaces. 

We  show  that  we  can  realize  the  Tomita-Takesaki  theorem  in  C'P-convexity 
context,  and  discuss  the  standard  structure  in  CP-duality.  We  study  the  correlation 
between  the  CP-orientability  and  the  orientability  for  the  derivations  on  homoge- 
neous self- dual  cones. 

Finally,  we  apply  our  theory  of  CP-convexity  to  prove  a generalized  Stone- 
Weierstrass  theorem  for  separable  C*- algebras. 


INTRODUCTION 


In  this  dissertation,  we  initiate  a theory  of  operator  convexity  for  completely 
positive  maps  and  develop  its  applications  to  operator  algebras.  It  will  turn  out 
through  the  chapters  in  this  dissertation  that  this  new  convexity,  which  we  call  "CP- 
convexity,”  provides  a natural  geometric  structure  for  completely  positive  maps  to 
represent  the  full  C*-  or  W*-structure  of  the  algebra,  in  contrast  to  the  classical 
scalar  convexity  theory  for  the  state  space  or  the  normal  state  space  which  essen- 
tially describes  the  order  or  Jordan  structure  of  the  algebra.  In  brief,  our  intention 
in  this  dissertation  is  to  propose  and  develop  the  basic  theory  of  a non-commutative 
B(if  )-valued  functional  analysis  for  operator  algebras,  in  which  the  B( H)- valued 
completely  bounded  maps  of  the  algebra  play  the  role  of  the  dual  space,  instead  of 
the  usual  complex  valued  bounded  linear  functionals. 

In  this  introduction,  we  shall  give  a brief  historical  sketch  of  the  subjects,  from 
which  CP-convexity  came  out,  explain  the  main  ideas  of  our  motivation,  and  then 
describe  the  content  of  each  chapter.  The  basic  notions  on  operator  algebras,  com- 
pletely positive  maps,  and  scalar  convexity  theory  are  summarized  in  the  Appendix 
added  at  the  end  of  this  dissertation. 

The  traditional  scalar  convexity  theory  provides  an  important  point  of  view 
in  the  theory  of  operator  algebras.  In  this  scheme,  the  self-adjoint  part  of  a unital 
C*-algebra  is  treated  as  an  order  unit  space  and  the  dual  space  is  regarded  as 
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the  base-norm  space  with  the  state  space  as  its  base.  Then,  the  self-adjoint  part 
of  a unital  C*-algebra  is  order  isomorphic  to  the  set  of  all  \v*-continuous  affine 
functions  on  the  state  space  of  the  algebra,  which  is  known  as  Kadison’s  function 
representation  theorem.  Since  the  state  space  is  a w*-compact  convex  set,  it  has 
been  an  important  stage  of  applications  of  convexity  theory,  which  is  not  only  of 
mathematically  interest  in  its  own,  but  also  has  been  studied  in  connection  with  the 
foundations  of  quantum  physics  (cf.  [32],  [33]).  The  duality  between  a W*-algebra 
and  its  predual  has  also  been  studied  in  parallel  (cf.  [3]  or  [12]  for  convexity  theory). 

In  this  duality,  a close  correlation  has  been  found  between  the  ideal  structure 
of  the  algebra  and  the  facial  structure  of  the  state  space  or  the  normal  state  space 
of  the  algebra  (cf.  E.G.  Effros  [30]  and  R.T.  Prosser  [63]).  The  study  of  the 
duality  in  this  direction  was  extended  by  E.M.  Alfsen  and  F.W.  Shultz  [5]  to  the 
non-commutative  spectral  theory  for  affine  function  spaces  on  convex  sets,  and  this 
spectral  calculus  gave  rise  to  the  class  of  JB-  and  JBW-algebras  (cf.  [4],  [5],  [6], 
[7],  [S],  [67]).  This  Alfsen-Shultz  theory  allows  us  to  understand  significant  part  of 
the  fundamental  theory  of  operator  algebras  from  the  point  of  view  of  convexity 
theory,  making  the  order  structure  of  the  algebra  particularly  transparent  (cf.  also 
[45]  for  the  structure  theory  of  JB-  and  JBW-algebras).  This  approach  culminated 
in  the  characterization  of  the  state  spaces  of  C*-algebras  ([4])  and  the  normal  state 
space  of  W*-algebras  ([47]);  as  an  important  consequence,  this  allowed  to  formulate 
an  orientability  condition  which  distinguishes  C*-  [or  W*-]  algebras  from  JB-  [or 
JBW-]  algebras.  However,  these  works  revealed  the  difficulty  of  describing  algebraic 
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duality  by  scalar  convexity  arguments. 

To  establish  the  algebraic  duality  in  more  direct  manner,  we  have  to  seek 
our  dual  object  in  the  space  of  representations.  This  scheme  was  initiated  by  M. 
Takesaki  [73]  for  separable  C*-algebras,  and  then  followed  by  K.  Bichteler  [17]  for 
the  general  case,  in  which  they  proved  that  a C*-algebra  is  ^-isomorphic  to  the 
set  of  all  weakly  continuous  admissible  operator  valued  functions  which  preserve 
the  direct  sum  and  the  unitary  equivalence  on  the  space  of  all  representations  of 
the  C*-algebra  on  a Hilbert  space  H (this  space  has  a sufficiently  large  dimension 
so  that  every  cyclic  representation  is  realized  on  H\  see  [73]  or  [17]  for  the  precise 
statement  of  the  theorem).  The  proof  of  the  Takesaki  duality  theorem  turned  out  to 
be  very  difficult;  this  can  be  ascribed  to  the  complexity  of  the  topological  correlation 
between  states  and  representations. 

From  these  observations,  one  is  naturally  led  to  wish  for  a duality  theory 
which  would  preserve  algebraic  structure  as  in  Takesaki’s  duality  theorem,  provide 
the  geometric  perspective  as  in  the  convexity  scheme,  and  include  these  two  duality 
theorems.  To  realize  this  idea,  we  propose  to  generalize  the  state  spar^  w 

dual  object  which  includes  both  of  the  state  space  and  the  space  of  representations 
on  a Hilbert  space  H,  and  then  define  a new  convexity  which  interpolates  scalar 
convexity  in  the  state  space  and  the  direct  sum  and  unitary  equivalence  in  the 
representation  space.  The  first  claim  is  realized  when  we  take,  as  the  dual  object, 
the  unit  ball  of  all  completely  positive  maps  of  the  C*-algebra  A into  B(H),  where 
H is  the  Hilbert  space  in  Takesaki's  duality  theorem.  We  call  this  the  CP-state  space 
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of  A and  denote  it  by  Qh{A),  which  is  a generalization  of  the  quasi-state  space  in 
the  scalar  theory.  The  notion  of  completely  positive  map  was  firstly  introduced  by 
W.F.  Stinespring  [71],  and  then  developed  further  in  its  structure  theory  by  W.B. 
Arveson  [11],  and  now  it  plays  an  important  role  in  operator  theory  and  operator 
algebras  and  applications  (e.g.,  [33],  [34],  [55],  [56],  [59]). 

We  then  propose  the  following  convexity  in  Qh(A)  : xp  E Qh(A)  is  said 
to  be  a CP-convex  combination  of  xpa  E Qh(A),  if  there  exist  Sa  € B(H)  with 
£a  S;SQ  < In,  such  that  xp  = £a  S*xpQSQ.  It  is  shown  that  the  existence  of 
the  above  infinite  sum  is  assured  from  the  condition  £Q  S*Sa  < Ih , and  that  this 
convexity  reduces  to  the  scalar  convexity  in  the  case  when  xp  is  one  dimensional, 
i.e.,  dim  ess.  supp  (xp)  = 1;  it  also  describes  the  direct  sum  of  representations  if 
xpct  = 7ra  are  representations  and  Sa  = pQ  are  mutually  orthogonal  projections 
onto  HWa , and  obviously  it  describes  unitary  equivalence  as  a paticular  case. 

It  is  interesting  to  note  that  a similar  expression  is  found  in  the  theory  of 
operation  in  C*-algebraic  formulation  in  quantum  physics.  Assuming  that  the  ob- 
servables of  a physical  system  are  described  by  the  elements  of  B(H ) for  some 
Hilbert  space  H,  K.  Kraus  [55]  showed  that  the  change  of  the  observables  caused 
by  an  interaction  of  the  system  with  the  exterior  is  given  by  a contractive  weakly 
continuous  completely  positive  map  in  B(H),  which  is  expressed  as 

0(a)  = V*aVQ  where  a E B(H ) and  Va  E B(H ) such  that  ^ KQ*Fa  < IH. 

Or  q. 

This  expression  corresponds  to  the  particular  case  of  our  notion  of  CP-convex  combi- 
nation when  we  take  xpa  = id  : B(H ) — ► B(H)  which  is  an  irreducible  representation 


5 


of  B(H).  (Unfortunately,  he  and  the  successors  did  not  come  to  perceive  the  general 
CP-convexity,  and  discussed  only  scalar  convexity  of  the  set  of  such  CP-maps.)  In 
the  above  expression,  the  coefficients  V*Va  are  interpreted  as  the  "‘effect”  or  the 
“weight”  of  the  pure  operations.  Thus,  CP-convexity  acquires  a physical  meaning  in 
this  particular  case,  which  is  expected  to  develop  connections  of  CP-convexity  with 
applications  in  the  general  case.  The  above  generalization  of  probability  measure  is 
developed  into  CP-measure  and  integral  in  Chapter  5. 

We  may  remark  here  that  the  motivation  given  above  was  not  our  original 
motivation.  Indeed,  our  notion  of  CP-convexity  grew  out  of  our  study  of  the  general 
Stone- Weierstrass  problem,  i.e.,  a non-commutative  generalization  of  the  classical 
Stone- Weierstrass  theorem: 

CONJECTURE.  Let  A be  a unital  C*-algebra  and  let  B be  a C*-subalgebra 
of  A which  contains  the  identity  of  A,  and  suppose  that  B separates  the  pure  states 
P(A ) of  A.  Then  ,4  = B. 

In  a sense,  this  generalization  of  Stone- Weierstrass  theorem  is  in  the  same 
direction  as  the  generalization  of  Gelfand-Naimark  theorem,  i.e.,  to  reconstruct  the 
original  algebra  from  its  dual  object.  The  author  has  been  working  for  some  time 
on  the  Stone- Weierstrass  problem  for  the  completely  positive  maps  generalizing 
the  pure  states  to  the  pure  CP-maps  ([35],  [38]).  C.A.  Akemann  and  F.W.  Shultz 
[2]  took  the  same  direction  in  connection  with  the  pure  states  and  the  irreducible 
representations  which  form  a subset  of  Qh(A),  and  studied  perfect  C*-algebras, 
which  have  Stone- Weierstrass  property.  The  idea  of  our  CP-convexity  grew  out 
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through  studying  their  duality  arguments.  Our  approach  to  the  Stone- Weierstrass 
problem  in  CP-convexity  will  find  its  result  in  Chapter  9,  where  we  will  prove  the 
general  Stone- Weierstrass  theorem  for  separable  C*-algebras. 

We  shall  now  give  brief  descriptions  of  the  content  of  each  chapter. 

In  Chapter  1,  we  introduce  the  notion  of  CP-convexity  and  related  definitions. 
It  will  be  shown  that  the  CP-state  space  Qh(A)  of  a C*-algebra  A is  the  CP- 
convex  hull  of  the  cyclic  representations  of  A on  H , and  the  quasi-state  space  in 
scalar  convexity  theory  is  embedded  into  Qh(A ) as  the  one  dimensional  CP-states. 

In  Chapter  2,  we  establish  the  CP-duality  between  a C*-algebra  and  the 
CP-state  space,  which  interpolates  Ivadison’s  function  representation  theorem  and 
Takesaki’s  duality  theorem.  We  shall  show  that  every  CP-affine  (i.e.,  preserving 
the  CP-convex  combination)  BW-homeomorphism  between  CP-state  spaces  induces 
and  is  induced  by  a ^-isomorphism  of  the  algebras  (see  Appendix  for  the  definition 
of  BW-topology).  This  result  shows  that  the  Jordan  structure  of  the  algebra  cor- 
responds to  the  scalar  convexity  in  the  state  space,  while  the  C*-structure  of  the 
algebra  corresponds  to  the  CP-convexity  in  the  CP-state  space.  We  also  discuss 
CP-duality  for  W*-algebras  in  parallel. 

In  Chapter  3,  the  notion  of  completely  positive  map  is  generalized  for  JC- 
and  JW-algebras.  We  first  prove  the  Stinespring  representation  theorem  for  JC- 
algebras,  which  was  made  possible  by  H.  Hanche- Olsen’s  results  on  tensor  product 
for  JC-algebras  ([44]).  We  generalize  CP-convexity  and  CP-duality  for  JC-  and 
JW-algebras,  which  is  essential  for  our  arguments  in  Chapters  4,  7 and  8. 
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In  Chapter  4,  we  discuss  CP-affine  geometry  of  CP-state  spaces.  We  define  CP- 
face  of  the  CP-state  space  and  study  the  correlation  between  the  ideals  of  the  algebra 
and  the  CP-facial  structure  of  the  CP-state  space.  In  this  CP-duality,  the  left, 
right  and  two  sided  ideals  are  represented  geometrically,  and  more  straightforwardly 
than  the  scalar  theory,  without  the  twisted  detour  a i— > a*  a from  the  left  ideal 
to  the  corresponding  order  ideal.  We  next  discuss  CP-facial  duality  for  JC-  and 
JW-algebras,  which  is  a generalization  of  Alfsen-Shultz’s  duality  in  CP-convexity 
context.  From  these  parallel  arguments,  one  will  find  that  the  passage  from  Jordan 
structure  to  C*-structure  corresponds  to  the  passage  from  the  scalar  convexity  on 
the  state  space  to  the  CP-convexity  on  the  CP-state  space. 

Chapter  5 is  devoted  to  develop  the  measure  and  integration  theory  pertinent 
to  CP-convexity,  which  we  are  going  to  apply  to  formulate  a generalization  of  Cho- 
quet's  theorem  in  CP-convexity  context  in  Chapter  6.  To  understand  the  situation, 
observe  that  a CP-convex  combination 

V = ^ S*axfQSa  with  tj>a  E Qh(A)  and  Sa  E B(H)  such  that  S*SQ  < IH- 

a Q 

could  be  interpreted  as  a barycenter  of  the  distribution  of  the  effects  S*(-)Sa , which 
is  considered  as  a normal  CP-state  of  B(H).  We  formulate  an  integral,  in  strong 
and  weak  sense,  for  more  generalized  setting  with  a BW-countably  additive  measure 
taking  its  values  in  the  set  of  all  positive  linear  maps  between  order  unit  spaces.  The 
construction  of  our  integral  is  straightforward  and  suitable  for  operator  algebras  due 
to  the  order  unit  structure,  and  has  the  advantage  to  have  Lebesgue’s  dominated 
convergence  theorem,  which  was  not  realized  in  the  usual  method  for  the  general 
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Banach  spaces  using  semi-variations. 

In  Chapter  6,  we  discuss  the  decomposition  problem  for  completely  positive 
maps  and  a generalized  Choquet  theorem  for  CP-state  spaces.  We  first  consider 
the  decomposition  into  CP-convex  sum  and  show  that  scattered  C*-algebras  are 
characterized  by  this  decomposition  property,  i.e.,  every  CP-state  is  decomposed  as 
a CP-convex  combination  of  pure  CP-states.  We  next  consider  the  disintegration  of 
a CP-map  into  pure  elements,  and  show  that  this  is  possible  for  a class  of  CP-maps 
which  we  call  “pre-nuclear”  CP-maps.  Applying  the  CP-measure  and  integration 
theory  developed  in  Chapter  5,  we  will  show  that  these  decomposition  theorems  are 
expressed  as  CP-boundary  measure  representation  theorems. 

Chapter  7 is  intended  to  formulate  the  orientability  condition  in  the  CP- 
geometrical  context.  We  will  formulate  the  orientability  conditions  for  universally 
reversible  JC-algebras,  which  are  essentially  determined  by  the  CP-geometric  struc- 
ture of  the  CP-state  space  of  the  enveloping  C*-algebras.  We  also  study  the  relation 
between  our  CP-orientability  condition  and  the  3-ball  orientability  condition  on  the 
state  space  formulated  in  [4].  This  CP-orientability  condition  is  free  from  3-balls, 
which  enables  us  to  discuss  C*-  and  W*-algebras  in  parallel. 

We  begin  Chapter  8 by  showing  that  every  W*-algebra  has  a faithful  normal 
CP-state,  which  is  the  counterpart  of  a faithful  normal  semi-finite  weight.  We  use 
this  to  define  the  standard  representation  by  “CP-GNS  construction,”  and  gen- 
eralize Tomita-Takesaki’s  anti-isomorphism  theorem  in  the  CP-geometric  context, 
which  was  not  realized  in  scalar  convexity  theory.  In  this  duality,  we  study  the  re- 
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lation  between  CP-orientability  condition  and  Connes’s  orientability  condition  for 
homogeneous  self-dual  cones,  which  is  the  abstract  generalization  of  the  natural 
self-dual  cone  of  a standard  von  Neumann  algebra.  Through  these  studies,  one 
can  see  interesting  overlaps  between  Jordan  structure  and  Lie  structure  in  the  CP- 
duality  for  derivations  on  the  CP-state  space  with  CP-orientability  condition.  We 
also  discuss  ^-derivation,  ^-automorphism,  and  modular  group  for  JW-algebras. 

Our  theory  of  CP-convexity  will  culminate  in  Chapter  9 to  prove  the  general 
Stone- Weierstrass  theorem  for  separable  C*-algebras,  which  was  conjectured  by  S. 
Sakai  [64].  The  general  Stone- Weierstrass  problem  has  a long  history,  and  has  been 
open  even  for  the  separable  case.  This  result  provides  an  example  which  proves  the 
usefulness  of  CP-convexity  for  the  study  of  operator  algebras. 


CHAPTER  1 


CP-CONVEXITY 

We  introduce  a new  generalized  operator  convexity,  which  we  shall  call  CP- 
convexity,  in  the  cone  C P(A,  B(H))  of  all  completely  positive  linear  maps  from  a 
C*-algebra  A into  the  C*-algebra  B(H)  of  all  bounded  linear  operators  on  a Hilbert 
space  H . 

The  definition  and  basic  properties  of  completely  positive  maps  are  given  in 
references,  e.g.,  [11],  [59],  [71]  and  [75]  (we  summarize  these  in  Appendix  2).  Recall 
in  particular  (Stinespring  [71])  that  every  £ C P(A,  B(H))  can  be  written  as 

t/>(a)  = V*7r(a)V  for  all  a 6 A, 

where  7r  is  a representation  of  A on  a Hilbert  space  I\  and  V 6 B(  H,  K)  is  a bounded 
linear  operator  from  H to  K such  that  ||j/>||  = ||F||2.  We  assume,  without  loss  of 
generality,  the  minimal  condition  K — [ir(A)V H]  (where  [ ] represents  the  closed 
linear  span)  under  which  the  Stinespring  representation  is  unique  up  to  unitary 
intertwining  operators. 

Let  us  define  our  new  concept  of  convexity  in  this  cone  C P(A,  B(H)). 

Definition  1.1.  Let  (ipa)aeA  be  a bounded  family  in  CP(A,B(H)).  We 
define  a CP-convex  combination  of  (V’o)ogA  by 

y Sa'I’o'Sa  with  SQ  £ B(H)  such  that  ^ S*Sa  < I //, 
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where  converges  in  the  BW-topology  (i.e.,  the  topology  of  pointwise  weak  con- 
vergence for  bounded  nets  (cf.[ll])).  For  a bounded  set  B in  C P(A,  B(H)),  the 
CP-convex  hull  of  B,  denoted  by  CP  — convB , is  defined  to  be  the  set  of  all  CP- 
convex  combinations  of  bounded  families  in  B.  A subset  K C CP(A,  B{H))  is 
defined  to  be  CP-convex  if  it  is  closed  under  the  operation  of  CP-convex  combina- 
tion. 

In  the  above  definition,  the  convergence  of  the  CP-convex  combination  is 
secured  from  the  condition  S*Sa  < ///.  For  the  completeness  of  the  definition, 
we  shall  prove  this  fact. 

PROPOSITION  1.2.  For  any  bounded  family  (ipQ)QeA  in  CP(A,  B(H))  and  for 
any  family  (Sa)Qe A i^  B(H)  such  that  S*Sa  < Ih,  the  CP-convex  combina- 

ti°n  ]CaeA  S*ipQSa  converges  in  the  BW-topology  to  an  element  ip  6 CP{A , B(H)) 
with  ||0||  < supQgA  ||V>Q||  (:=  r). 

PROOF:  Let  a E *4+(:=  {a  E .4;  a > 0})  and  let  J C A be  any  finite  subset. 

Then, 

«<■)  - £ siM°)s*  < E 5;(||^iii|o||/h)s„  < r||«u  £ s;s„  < r||a||/„. 

aeJ  a£j 

Thus,  (ipj(a))jc A (J:  finite  subsets  of  A)  is  a bounded  increasing  net  in  B(H ); 
hence  it  converges  weakly  to  an  element  in  B(H).  Since  every  element  a € A is 
decomposed  as  a linear  combination  of  positive  elements,  i.e., 

a = ai  — a2  + i(a3  — a4)  with  a;  6 A+  (1  < i < 4), 
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we  have 

4 

||^M<OII  < rYl  iia*n  for  a11  a € A ’ 

1=1 

so  (vj)jca  is  a bounded  Cauchy  net  in  the  BW-topology.  Since  a bounded  norm- 
closed  ball  of  CP(A,  B(H))  is  BW-compact  (cf.  [11;  pl47]),  the  net  (V’j)jca  con- 
verges to  an  element  ip  G CP(A,  B(H))  in  the  BW-topology,  i.e.,  ip  = limy  vj  = 

It  is  left  to  show  ||t/>||  < r.  Note  that 

\\ip\\2  = sup  ||V>(a)||2  = sup  \\ip(a)*ip(a)\\  < ||0||  sup  ||^(a*a)||. 

IMI<1  IW|<1  ||a||<l 

where  we  used  the  inequality 

ip(a)*ip(a ) < \\ip\\ip(a* a)  for  all  a G A 

(e.g..  [75;  Ch.IV,  Cor.  3.8]).  From  the  first  part  of  the  proof,  we  have 
ip(a)  = lim  ipj(a)  < r||a||7//  for  a G A+ . 

Hence,  sup^n^!  || a) ||  < sup^u^  r||a*a||  < r,  from  which  ||?/>||  < r follows.  | 

CP-facial  structure  of  CP-convex  sets  will  be  discussed  in  details  in  Chapter 
4.  In  what  follows,  throughout  this  dissertation,  we  are  mainly  concerned  with  the 
unit  ball  of  the  cone  CP{A,B{H))  for  a large  Hilbert  space  H\  note  that  this  is 
CP-convex  by  Proposition  1.2. 

Definition  1.3.  A CP-map  ip  G CP(A,B{H))  is  called  a CP-state  if  it  is 
a contraction , i.e.,  ||V>||  < 1.  We  denote  by  QH(A ) the  set  of  all  CP-states  from  .4 
to  B(H),  i.e., 


Qh(A)  = {ip  e CP(A , B(H));  \\ip\\  < 1}, 
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and  we  call  Qh(A)  the  CP-state  space  of  A for  H . Similarly,  if  M is  a W*-algebra, 
we  define  a normal  CP-contraction  from  M to  B(H ) to  be  a normal  CP-state,  and 
denote  by  QH(M)n  the  normal  CP-state  space  of  M for  H , i.e., 

QH(M)n  = {ife  CP(M,B(H))n-,  \\if\\  < 1}. 

We  define  the  cyclic  dimension  ac(A)  of  a C*-algebra  A by 

oc(  A)  :=  sup {dimHn;  tt  is  a cyclic  representation  of  A on  Hn}, 
and  similarly  the  normal  cyclic  dimension  ac(M )*  of  a W*-cdgebra  M by 

ac(M)n  :=  sup  {dim  Hn\  7r  is  a normal  cyclic  representation  of  M on  H„j. 

Remark.  Qh(A)  [resp.  Qu{M)n ] generalizes  the  quasi-state  space  Q(A ) 
[resp.  the  normal  quasi-state  space  Q(M)n ] of  the  scalar  theory  (where  H = C). 

The  concept  of  CP-state  space  will  be  essential  in  the  discussion  of  CP-duality 
f°r  C*-  and  W*-algebras  in  Chapter  2.  It  is  also  a natural  generalization  of  "oper- 
ations" in  the  applications  to  physics  (cf.  Introduction). 

Proposition  1.4.  A.  Let  A be  a C*-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(A).  Then , 

Qh(A)  = CP  — conv  Repc(A  : H) 

where  Repc(A  : H)  denotes  the  set  of  all  cyclic  representations  of  A on  H. 

PROOF:  Let  if  6 Qh{  a),  and  let  if  = V *irV  be  the  Stinespring  representation 
of  if  where  n is  a representation  of  A on  a Hilbert  space  K and  V 6 B(H.  K).  Since 
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it  is  non-degenerate  from  the  minimal  condition,  it  can  be  decomposed  into  a direct 
sum  of  cyclic  representations  (7ra)aeA,  i.e.,  7r  = ©aGA7rQ  ([28;  2.2.7]).  Let  us  denote 
by  pa  the  projection  of  K onto  the  representation  space  H„a  of  ita.  Then, 

xl>  = v*ttV  = v(ea6APay(eaeA7ra)(®a6APa)v  = £ v*P*itQPav. 

a£A 

From  the  assumption  dimH  > ac(A),  there  exists  a partial  isometry  \Va  : H — ► 
H„a  C K of  H onto  H„a  for  each  a 6 A.  In  this  case  WaW*  = pa,  so  we  have 

= 23(w*v)*(w-^w„)(w- v). 

Note  here  that  6 Repc(A  : H)  since  IFa  is  an  partial  isometry,  and 

W*V  € B(H)  satisfies 

Y.(w;vy(w-v)  = Y,  V(waw;)v  = £ rp„r 

oEA  q-GA  a£A 

= V*(©«€AP«)V  = < ||1/!|2/H  < JH. 

Thus  we  proved  that  xp  is  a CP-convex  combination  of  cyclic  representations  of  .4 
on  H , i.e.,  Qh(A)  C CP  — conv  Repc(A  : H ).  Since  the  inverse  inclusion  is  obvious, 
the  proposition  is  proved.  | 

By  similar  arguments,  we  can  show 

Proposition  I.4.B.  Let  M be  a W*-algebra,  and  H be  a Hilbert  space  with 
dimH  > ac(M)n.  Then, 

QH(M)n  = CP  - conv  Repc(M  : H)n 

where  Repc(M  : H)n  denotes  the  set  of  all  normal  cyclic  representations  of  A/  on 
H. 
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In  Chapter  6,  we  will  show  that,  if  A is  a separable  C*-algebra,  every  pre- 
nuclear  CP-map  ip  £ CP(A , B(H ))  (see  Chapter  6 for  the  definition)  is  decomposed 
into  pure  CP-maps  in  the  sense  of  weak  integral,  which  is  crucial  for  our  arguments 
of  Stone- Weierstrass  problem  (separable  case)  in  Chapter  9. 

The  following  proposition  shows  that  the  quasi-states  in  the  scalar  theory  are 
characterized  as  one  dimensional  CP-states,  which  will  be  used  in  the  discussion  of 
CP-duality  for  C*-  and  W*-algrbras  in  Chapter  2. 

PROPOSITION  1.5. A.  Let  A be  a C*-algebra , and  H be  a Hilbert  space. 
Then,  the  quasi-state  space  Q(A ) of  A can  be  regarded  as  the  set  of  all  equivalence 
classes  of  one  dimensional  CP-states  of  A for  H , i.e., 

Q(A)  = VxV  £ Qh(A),  dim[im(V )]  = 1}  :=  Qh,i(A) 

where  ' represents  the  unitary  equivalence  class;  the  correspondence  is  given  by 
U e Q(A)  < — > ifu  :=  (uj(-)py  E QhAA) 

where  P is  a one  dimensional  projection  on  H. 

PROOF:  Let  u £ Q(A).  By  the  GNS-construction,  there  exists  a cyclic 

representation  7ru  of  A on  H, ^ , and  a cyclic  vector  ^ £ Hnw  for  such  that 

u>(a)  = (7rw(a)^w, i^^)  for  all  a £ A. 

We  take  and  fix  an  arbitrary  h £ H with  \\h\\  = 1,  and  define  Vu  £ B(H,  HWlu  ) by 


Vuk  = (k,  h)£u 


for  all  k £ H, 
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and  define  ipu,h  € C P(A,  B(H))  by 

ipLi,h{a)  = for  all  a £ .4. 

Then,  for  any  /,  <7  € P and  a £ .4, 

(^w,*(a)/,y)  = (?rw(a)Vw/,  Ktf)  = (nw(a)(f,  h)(„,  (g,  h)^) 

= (/,  fc)(fc, 0)(*w(a)fw>  fw)  = (w(a)(/,  5)  = ( u(a)Phf , g) 

where  P/j  :=  (-,h)h  is  a one  dimensional  projection  of  P onto  [/i].  Since  f,g  £ H 
are  arbitrary,  we  have 

*Pw,h{a)  — w(a)P/,  for  all  a £ .4. 

Conversely,  let  ip  = V*nV  £ Qh{A)  and  dim  [zm(V)]  = 1.  Take  h £ im(V*) 
with  ||/i||  = 1.  Then,  V £ B(H,I\)  must  be  of  the  form 

Vk  = (fc,  h)Vh  for  all  k £ P, 

and  the  minimal  condition  Hn  = [7 r(A)VH]  implies  that  n is  a cyclic  representation 
with  a cyclic  vector  £*.  :=  Vh.  As  we  showed  in  the  first  part  of  the  proof,  we  can 
see 

ip  = uty(-)Pft, 

where 

£ Q(4)  such  that  u^(a)  = (7r(a)^T,  fw)  for  all  a £ .4. 

By  considering  the  equivalence  classes,  we  get  the  desired  correspondence 
u € Q(A)  «->  ifu  = (u(")P)~  £ QHti(A). 


I 
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Similarly,  for  W*-algebras,  we  can  show  the  following. 

PROPOSITION  I.5.B.  Let  M be  a \V*-algebra,  and  H be  a Hilbert  space. 
Then,  the  normal  quasi-state  space  Q{M)n  of  M can  be  regarded  as  the  set  of  all 
equiiu/ence  classes  of  one  dimensional  normal  CP-states  of  M for  H , i.e., 

Q(M)n  - {0;^  = V*nV  e Qh(M)„,  dim[im(V)\  = 1}  :=  QH, i(M)n 

where  ' represents  the  unitary  equivalence  class;  the  correspondence  is  given  by 

jj  E Q(M)n  < + xfuj  (cj(-)P)  E Qh, i(M)n 

where  P is  a one  dimensional  projection  on  H . 

Remark.  Propositions  1.5. A [resp.  B]  state  that  Q(A)  [resp.  Q(M)n\  can  be 


regarded  as  Qc(A)  [resp.Qc{M)n]. 


CHAPTER  2 


CP-DUALITY  FOR  C*-AND  W*-ALGEBRAS 

In  this  chapter  we  establish  a duality  theory  for  C*-  and  W*-algebras  in  the 
context  of  CP-convexity,  where  we  take  as  our  primary  object  the  CP-state  space 
Qh(- d)  [resp.  the  normal  CP-state  space  Qyi(M)n\  rather  than  the  quasi-state  space 
Q(A)  of  a C*-algebra  A [resp.  the  normal  state  space  Q(M)n  of  a W*-algebra  M] 
which  were  used  in  the  scalar  convexity  theory.  We  first  generalize  the  notion  of 
affine  functions  in  the  classical  scalar  convexity  theory  for  our  CP-convexity  context. 

DEFINITION  2.1.  Let  A be  a C*-algebra.  A function  7 : Qh(A)  — > B{H)  is 
defined  to  be  CP -affine,  if 

^ ^ S*il>aSa  with  V>Q  G Qh(A)  and  SQ  G B(H)  such  that  ^ S*Sa  < In 

a a 

implies  that 

7W  = 'Es:-/(Mst,. 

Q 

7 is  defined  to  be  bounded  if  ||7||  = sup{ ||7(0)||;  xp  G Qh(A )}  < 00.  We  denote  by 
AB(Qh{A),B(H))  the  set  of  all  bounded  CP-affine  functions  from  QH  (A)  to  B(H), 
and  by  AC(Q  h{A),  B(H ))  the  set  of  all  BW-w  continuous  CP-affine  functions  from 
Qh{A)  to  B(H).  The  notations  for  W*-algebras  are  defined  similarly. 

The  following  duality  theorems  generalize  Ivadison’s  function  representation 
theorem  ([50]  ) and  have  the  advantage  that  they  recover  the  full  C*-structure  of  the 
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original  algebra,  i.e.,  C*-product  and  C*-norm;  this  structure  would  have  escaped 
our  grasp  had  we  considered  only  the  set  of  affine  functions  on  the  quasi-state  spaces 
as  is  customarily  done  in  the  scalar  theory. 

THEOREM  2. 2. A.  Let  A be  a C*-algebr a and  H be  a Hilbert  space  with 
dimH  > ac(A).  Then . AC(Q h(A),  B(H))  is  a C*-algebra  with  the  following 
product;  for  71,72  G AC(Qh(A),  B(H))  and  ip  = V*nV  £ Qh{A)  with  CP- 
decomposition 

ip  = ^ V* 7ra  Va  where  7rQ  £ Repc(A  : H)  with  n ~ ®a7ra 

a 

and  VQ  G B(H ) such  that  ^ V£Va  < Ih  (cf.  Prop.lA.A), 

a 

we  define  the  product  of  71  and  72  by 

(71  -72)(V0  :=  ^ Va*7i(7ra)-72(7ra)Va, 

a 

and  we  have 

.4  = AC(Qh(A),  B(H))  (*-isomorphism). 

THEOREM  2.2.B.  Let  M be  a W*-algebra  and  H be  a Hilbert  space  with 
dimH  > a c(M)n.  Then.  AB(Q B{H))  is  a W*-algebra  with  respect  to  the 
product  defined  in  Proposition  2.2. A,  where  Repc(A  : H)  is  replaced  by  Repc(M  : 
H)n,  and  we  have 

M = AB(Q n(M)n,  B(H))  (*-isomorphism). 

PROOF:  The  proofs  of  the  above  two  theorems  proceed  in  parallel,  and  The- 

orem 2. 2. A is  obtained  from  Theorem  2.2.B  by  taking  M = A**  and  considering  the 
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BW-w  continuous  elements,  so  that  it  is  sufficient  to  prove  Theorem  2.2.B,  which 
we  now  establish. 

As  the  first  step,  we  show  that  there  exists  a one  to  one  correspondence  between 
Mand  AB(QH{M)n,B(H)). 

We  recall  the  fact  that  the  normal  quasi-state  space  Q(M)n  of  M can  be 
regarded  as  the  set  of  all  unitary  equivalence  classes  of  one  dimentional  normal 
CP-states  from  M to  B{H)\  the  correspondence  is  given  by 

W 6 Q(M)n  «—  i£u  = (u(-)PT  € QhAM)u 

where  P is  a one  dimensional  projection  on  H and  ~ represents  the  unitary  equiva- 
lence class  (cf.  Prop.  1.5.B). 

We  consider  the  following  diagram: 

M — AB(QH(M)n,  B{H)) 

i 

■4‘(Q(M)„,C) 

where  Ao(Q(A/)„,  C)  denotes  the  set  of  all  complex  valued  bounded  affine  functions 
on  Q(M)n  vanishing  at  0,  and  i assigns  the  evaluation  map  at  each  element  of  M, 
i.e., 

i{a)  : %!>  i — > tp(a)  for  a G M and  t/>  € QH(M)n, 
j is  defined  for  7 £ AB{Q h(M)„,  B(H))  by 


>(7)M  = (7 (Mh,  h ) with  h € P(H),  ||/i||  = 1, 
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and  k is  the  Kadison’s  isomorphism  (see  Appendix  1). 

We  first  note  that  the  above  diagram  commutes,  i.e.,  j o i = k.  Indeed,  let 
a E M and  u E Q(M)n.  Then, 

j(i(a))(u)  = u )h,  h)  = (ipu(a)h,  h) 

= ( u(a)Ph , h ) = u>(a)  :=  k(a)(u>). 

(cf.  Proof  of  Prop.  1.5) 

It  is  immediate  to  see  that  i is  injective,  since,  if  i(a)  = 0 on  Q#(M)n,  then 
i(a)  = 0 on  Qh, i(iV/)„,  hence  on  Q{M)n  (cf.  Prop.  1.5.B),  which  implies  a = 0. 

We  now  show  that  j is  injective.  Let  7 E AB(Q H{AI)n,  B{H))  be  arbitrary 
such  that  7/O,  and  assume  j( 7)  = 0.  We  recall  from  the  proof  of  Prop.  1.5, 

V’w  = K>  where  Vw  = (-,h)£u  with  h E P(H),  ||/i||  = 1. 

We  note  here  that  Vu  has  the  polar  decomposition  where  uw  : 

H — 1 • HWuj  is  a partial  isometry  with  ti*uu  = id^y  Then,  due  to  our  assumption 
dimH  > ac(M)n , we  can  extend  to  a partial  isometry  : H — > H ^ from  H 
onto  H„^,  i.e.,  U^U*  = H ^ and  Uu\[h]  = Thus 

= \\u\\PU*nuUvP  where  U^ir^Uu  E Repc(M  : H)n. 

Then  our  assumption  j( 7)  = 0 implies 

M(P7(U:*uU„)Ph,h)  = 0 for  all  u E Q(M)n , 

i.e.. 

h)  = 0 for  all  non-zero  u>  E Q{M)n. 
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Noting  that  h = U*£lj  is  a cyclic  vector  for  the  normal  cyclic  representation  = 
U*ttuiUU;1  it  is  equivalent  to  asserting  that 

(7(7r)60  = 0 for  all  17  G Repc(M  : H)n  and  a cyclic  vector  £ for  ir. 

Indeed,  let  ir  G Repc(M  : H)n  and  £ be  a cyclic  vector  for  ir,  and  set  w^(-)  = 
WOfiC)  € Q(M)n.  By  the  GNS-construction,  there  exists  a representation  7ru, 
on  77*-^,  a cyclic  vector  £Wir  for  i rWir  such  that  u>n(-)  = (')&*»*  >&*>»)•  Hence, 

there  exists  a unitary  operator  Un  : Hn  — » HWu)  such  that  ir  = U*irUJirUn  and 
£ = U*£ u,,.  which  supports  the  above  assertion. 

Since  7 ^ 0,  there  exist  xp  G Qh(M)ti  and  ho  £ H such  that  (i(ip)ho,  ho)  ^ 0. 
Let  v = V*irV  be  the  canonical  representation  of  xp  where  ir  : M — *•  B(K)  is 
a normal  representation  of  M on  a Hilbert  space  K and  V G B(H,K).  We  set 
A'o  :=  [7r(i\/)V/!o]  C K,  K\  :=  I\  ©A'o  and  ir0  :=  7r| k-0,7Ti  :=  tt^.  Then,  7r0  is  a 
cyclic  representation  on  7v'o  with  cyclic  vector  £0  :=  Vho . By  Prop.  1.4.B,  xp  can 
be  written  as  a CP-convex  combination 

0=  l.w‘vnw-Tawa)(w-v) 

a6{oo}uA 

where  ir0  = irao,  iri  = ®agAJra,  W*iraWa  G Repc(M  : H)n  for  a G {a0}  U A,  and 
WQ  is  a partial  isometry  from  H onto  Hn<x . Then, 

0 ? (i(m0,ho)  = ((w;ovy7(w;oivoWQo)(w;ov)ho,ho) 

+ E (^'aV)'~l(W^aWo,\WaV)h0M) 

q6A 

Since  IV,"  1 h,  = 0 for  a € A (noting  that  Vho  € A'o  = A" 7,  this  reduces  to 


o * (7 (w;onaawa,)w^vh„),w;a(vh„)). 
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Noting  that  W*0ttqWQo  € Repc(M  : H)n  with  cyclic  vector  W*Q(Vho),  we  conclude 
that  the  right  hand  side  of  this  expression  must  be  zero,  which  is  a contradiction. 
Hence  j is  injective. 

Since  the  diagram  is  commutative,  k is  bijective  and  j is  injective,  we  conclude 
that  i is  surjective.  Since  we  already  showed  that  i is  injective,  we  have  proved  that 
i is  bijective. 

As  the  second  step,  we  show  that  AB(Q h(M)h,  B(H))  is  a W*-algebra. 

We  first  show  that  the  definition  of  the  product  is  well  defined,  i.e.,  it  does  not 
depend  on  any  particular  CP-decomposition  of  %p.  Assume  that  7r  has  two  different 
cyclic  decompositions,  i.e.,  n = SagAi^a  = ®/?eA27r/?-  According  to  this,  we  have 
two  different  ways  of  CP-decomposition,  i.e., 

rp  = Y,  K**Va  = J2  VP*0V(> 

a€Ai  /?€A2 

with  7fa  = W>QWa  € Repc(M  : H)n,  VQ  = W*V  G B(H) 

*0  = WfoWg  € Repc(M  : H)n,  Vp  = W}V  € B(H), 

where  Wa  : H — > HKa  [resp.  W p : H — ► Hng]  is  a partial  isometry  from  H onto 
Hno  [resp.  Hng]  (cf.  Proof  of  Prop.  1.4).  From  the  first  step,  for  71  and  72,  there 
correspond  elements  a\  and  <22  in  M,  so  that  we  have 

Y Val^o.)l2^Q)Va  = Y Va^o{ai)na(a2)Va 

q€Ai  a€Ai 

= Y Va^c{aia2)Va  = ip(aia2)  = Y Vp^fi(aia2)Vp 

c*EAi  /?6  A2 

= Y V0*0M*0(a2)V0  = Y ^*Tl(^)72(^)^9, 

/96A2  0£A2 
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which  proves  the  well  defindness  of  71  -72. 

It  follows  directly  from  the  definition  of  the  product  that  71  • 72  is  a bounded 
CP-affine  function,  so  that  AB(Q //(M)n,  B(H))  is  a *-algebra,  where  we  define 
the  ^-operation  by  :=  7 (VO*  for  xp  € Qh(M)ti . It  can  be  easily  seen  that 

the  norm  of  CP-affine  functions,  which  was  defined  in  Definition  2.1,  is  actually  a 
C*-norm.  In  fact,  let  7 E AB{Q}{(M)n,  B(H))  corresponds  to  a7  € M.  Then. 

IKII  = IItIU  < IItII  < IKII,  i-e-’  IItII  = IKII>  where  h\\c  ■=  sup{||7(7r)||;  7T  E 
Repc(M  : H)n}  for  7 E AB(Q B(H)),  from  which  ||7*7||  = ||7||2  follows. 
Since  the  isomorphism  i : M —y  AB(Q B(H))  is  an  order  isomorphism  with 
the  natural  order,  AB(Q //(Jlf)n, B(H))  is  monotone  closed,  hence  a W*-algebra. 

The  last  step  is  to  show  that  i is  a ^-isomorphism.  Let  71  = i(ui)  and 
72  = i(a2)  with  ai,a2  E M,  and  ip  € Qh(M)„  with  CP-decomposition 

ip  = ^ Vai TqVq  with  ttq  E Repc(M  : H)n  and  Va  E B(H) 

a 

such  that  E Kv.  < Ih ■ 

a 

Then,  by  definition, 

(71  • 72XVO  = Va*7l(7ra)72(7Ta)Vo  = )M°2  ) Va 

Ot  a 

= Y1  y>o(aia2)VQ  = rp(aia2), 

a 

which  implies  t(ai)  • i(a2)  = i(a\a2).  Since  7*  = i{a*)  (a  E A)  and  the  linearity  is 
obvious,  i is  a ^-isomorphism.  | 

Remark.  The  CP-duality  theorems  (Theorem  2. 2. A and  B)  can  be  considered 
as  natural  extensions  of  Takesaki’s  and  Bichteler’s  duality  theorems  for  C*-algebras 
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and  their  enveloping  W*-algebras  ([17], [73]),  i.e., 

.4  = AF(Rep(A  : H)1B(H ))  (^-isomorphism) 

.4**  = AF(Rep(A  : H),B(H))  (^-isomorphism) 

where  AF(Rep(A  : H),B(H))  denotes  the  set  of  all  functions  7 : Rep(A  : H)  — ► 
B(H ) which  satisfy 

(i)  7(7t)  = Pnl{^)Pir  where  pn  is  the  projection  of  H onto  Hn 

(ii)  7(ti*7tu)  = u*7(7t)u  for  all  unitary  u on  H 

(iii)  7(71-1  ® 7t2)  = 7(7Ti)  © 7(7r2)  if  7Ti  © 7t2  € Rep(A  : H) 

(iv)  sup{||7(7r)||;  n € Rep(A  : H )}  < 00 

and  AF(Rep(A  : H),B(H ))  denotes  the  BW-w  continuous  elements  in  AF(Rep(A  : 
H)i  B(H)).  We  note  that  Theorem  2. 2.  A can  be  proved  directly  from  the  above 
Takesaki  duality  theorem  for  C*-algebras  by  considering  the  following  diagram 

A — — AC(Qh(A),B(H)) 

r 

AFw(Rtp(A-.H),B[H)) 

where  t denotes  the  Takesaki’s  duality,  and  r is  the  restriction  map.  However, 
our  proof  of  Theorems  2.2.A-B  simplifies  the  arguments  and  allows  us  to  state 
the  duality  for  general  W*-algebras.  It  should  be  noted  that  the  CP-duality,  which 
interpolates  Kadison  s duality  and  Takesaki’s  duality  (cf.  above  diagrams),  provides 
us  with  both  the  convexity  theoretical  aspects  and  the  algebraic  aspects  of  C*- 
algebras. 
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We  next  discuss  the  dual  maps  between  CP-state  spaces  induced  from  *- 
isomorphisms.  We  begin  with  the  following  definition. 

DEFINITION  2.3.  Let  A and  B be  C*-algebras  and  let  H be  a Hilbert  space, 
and  let  Ch(A ) and  Cr{B)  be  CP-convex  subsets  of  CP(A  : B(H))  and  CP{B  : 
B(H ))  respectively.  A map  $ : Ch(A)  — ► Ch(B)  is  defined  to  be  CP-affine,  if 

xp  = ^ S*ipaSa  with  ipa  G Ch(A ) and  SQ  G B(H)  such  that  ^ S*SQ  < Ih , 

Or  Oc 

then  we  have 

Ct 

In  scalar  convexity  theory,  every  affine  w*-homeomorphism  between  quasi- 
state spaces  induces  a Jordan  isomorphism  of  the  algebras  ([51]).  In  our  setting  of 
CP-convexity,  we  can  show  the  following  improvement. 

THEOREM  2. 4.  A.  Let  .4  and  B be  C*-algebras,  and  H be  a Hilbert  space  with 
dimH  > sup{ac(A), qc(5)}.  Then,  Qh(A)  and  Qh{B)  are  CP-affine  BW-homeo 
morphic  if  and  only  if  A and  B are  *-isomorphic. 

THEOREM  2.4. B.  Let  M and  N be  W*-algebras,  and  H be  a Hilbert  space 
with  dimH  > sup{ac(M)n,ac(N)n}.  Then,  QH(M)n  and  Q//(iV)n  are  CP-afEne 
isomorphic  if  and  only  if  M and  N are  *- isomorphic . 

Schematically,  Kadison  s theorem  establishes  the  correspondence  : 


Jordan  structure  of  the  algebras 


scalar  convexity  in  the  state  spaces 
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while  our  theorems  imply  the  refined  correlation  : 

C*-structure  of  the  algebras  < — > CP-convexity  in  the  CP-state  spaces 

In  order  to  prove  the  above  theorems,  we  need  the  following  propositions. 

PROPOSITION  2. 5. A.  Let  A and  B be  C*-algebras,  and  H be  a Hilbert  space 
with  dimH  > sup{ac(A),  ac(B)}.  Then  every  CP-affine  isomorphism  0 : Qh(A ) — ► 
Qh(B ) maps  Rep(A  : H)  onto  Rep(B  : H)  bijectively. 

PROPOSITION  2.5.B.  Let  M and  N be  W*-algebras,  and  H be  a Hilbert 
space  with  dimH  > sup{ac(M)n,  ac(N)n) . Then  every  CP-affine  isomorphism 
0 : Q//(M)n  — 1 ► QH{N)n  maps  Rep(M  : H)n  onto  Rep(N  : H)n  bijectively. 

PROOF:  We  first  prove  Part  A.  Let  7r  € Rep(A  : H),  and  let  0(7r)  = V* pV  € 

Qh(B)  where  p : B — ► B(HP ) is  a representation  and  V € B(H,  Hp ).  We  first  show 
that,  if  dimHp  < dimH , then  0(7r)  € Rep(B  : H)  with  #©(*)  = Hn. 

Let  V = u|F|  be  the  polar  decomposition  of  V.  From  the  above  assumption 
on  the  dimension  of  Hp,  there  exists  a partial  isometry  v : H — > Hp  of  H onto  Hp 
which  extends  v,  i.e.,  u|im|v|  = v.  Then, 

(1)  0(7r)  = \V\v*pv\V\  = |Vr|v-/w|Vr|. 

We  will  show  |V|  = pn,  where  pn  is  the  projection  of  H onto  Hw,  from  which 
0(tt)  € Rep(B  : H)  and  Hq(^)  = Hn  follow,  since  v : H — > Hp  is  a partial  isometry 
of  H onto  Hp. 

We  first  observe  that  ir  = p„npn.  Hence,  since  0 is  CP-affine, 


(2) 


0(tt)  = pnQ(n)pK  = Pn\V\v*  pv\V\pn. 
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Combining  (1)  and  (2),  we  conclude  that  |Vj  < p*-,  since  ess.dom(\V\)  C HT  and 

iiMii  = mi<i. 

Let  Q~1(v*pv ) = W*tW  € Qh{ -4)  where  t : A —+  B(Hr ) is  a representation 
and  IV  6 B(H1Hr).  Since  0 is  an  CP-affine  isomorphism, 

7T  = Q~\en)  = ©“1(|V|v-/w|VP|)  = |V|0-1(u*pu)|V’|  = \V\WmrW\V\, 

so  we  can  observe  that,  if  .4  has  a unit  e, 

P*  = 7r(e)  = \V\W*r(e)W\V\  = \V\W*W\V\  < | V|2  < Pir, 

from  which  |Vj  = pn  follows.  If  .4  is  not  unital,  we  can  take  an  approximate  unit 
(ea)  to  deduce,  as  above, 

»(e«)  = \V\Wmr(ea)W\V\  < \V\WW\V\  < |V|2  < p,, 

so  that,  in  the  limit, 

P*  = sup  7r(ea)  < |V|2  < pw, 

at 

which  proves  |V|  = pn. 

We  next  consider  the  case  where  dimHp  > dimH.  Let  p = ®apQ  be  a 
cyclic  decomposition  of  p and  let  pQ  be  the  projection  of  Hp  onto  HPa . Since 
dimH  > a C(B),  there  exists  a partial  isometry  vQ  : H — + HPa  of  H onto  HPa,  i.e.. 
l'aV a =Pq.  Then, 


0(71-)  — V*  pV  - ^2  V*PaPaPaV  = ^ V*UQ(u*  paVa)v*Q  V, 

at 


at 
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where  v*pQva  G Repc(B  : H ).  Let  0 l(v*apavQ)  = W*TaWa  and  observe  that 

* = e-‘(e(x))  = 

a 

<3)  = 

a 

We  note  that  these  expressions  in  the  above  sum  are  minimal.  In  fact,  if  it  is  not 
minimal,  we  could  replace  tq  by  r'Q  C ra;  however 

e(x)  = ^«K)-e(  w.kv) 

a 

a 

a 

where  the  expressions  in  the  last  sum  are  minimal,  so  that  we  conclude  = ra, 
which  implies  that  the  expressions  in  (3)  are  minimal. 

Now  that  (va V)* W*TaWa(v*  V)  < ir,  from  [11,  Theorem  1.4.2],  there  exists 
Tq  G (7t(A)')+,  such  that 

(v*aV)*WaTaWa(  v*QV)  = 


Since  the  expression  in  the  left  is  minimal,  there  exists  a partial  isometry  Ua  : 
HTa  -+  Hn  such  that 


hence  dim  rQ 
conclude 


UqTqU*  = 7r|  i and  Wav*V  = U*T~\ 
[» t{A)t2h]  a ° ’ 


< dim  7r  < dimH.  Then,  from  the  first  part  of  the  present  proof,  we 


® 1(VqPqV01)  = W*TqWq  G Rep(A  : H) 


and  Hwt  w = H„»  n „ , 
vvarO‘YVo  VaP<*  V<* 
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If  A is  unital,  W*Ta(e)Wa  = v*vQ,  hence, 

»(e)  = Y.«vrw«T°(e'>w°Mv)  = =r*' 

a a 

so  that 

V'V  = v-p(c)v  = ^wn'Kp.l'KK'O  = Ek^TK'OK'O  = p„ 

a a 

i.e.,  V is  a partial  isometry.  Therefore,  we  conclude  that  0(7r)  = V* pV  € Rep(B  : 
H).  If  A is  not  unital,  we  can  deduce  the  same  conclusion  using  the  approximate 
unit  (eQ). 

Now,  we  have  proved 

Q{Rep(A  : H))  C Rep(B  : H)  and  Q~\Rep(B  : H))  C Rep{A  : if), 

so  that,  since  0 is  one  to  one,  0 maps  Rep(A  : H)  onto  Rep(B  : H)  bijectivelv. 
Part  B is  proved  similarly.  | 

Proof  OF  Theorem  2.4:  We  prove  Part  A.  It  is  straightforward  to  see  that, 

if  .4  and  B are  ^-isomorphic,  then  Qh(A)  and  Qh{B ) are  CP-affine  isomorphic. 
In  fact,  let  9 : .4  — + B be  a ^-isomorphism.  We  define  9^  : Qh{B ) — * Q h(A) 
by  9‘(xp)  — xp  o 9 for  xp  (E  Qh(B).  Then,  9 5 is  a CP-affine  and  BW-continuous 
isomorphim  of  Qh{B)  to  Qh{A). 

Conversely,  let  0 : Qh(A)  — *•  Qh(B)  be  a CP-affine  BW-continuous  iso- 
morphism. By  Theorem  2. 2. A,  we  can  identify  A with  AC(Qh{A),B{H ))  and  B 
with  AC(Qh{B),B(H)).  We  define  0>  : AC(Q „(B),  B(H))  — ► AC(QH(A),  B(H)) 
by  0"(7)  = 700  for  7 € AC(Qh(B),  B(H)).  We  have  to  prove  that  0:  is  a 
^-isomorphism. 
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We  only  need  to  check  that  0a  preserves  the  C*-product.  Indeed  let  ib  G 
Qh(  A)  and  assume 

0 = ^ V*i TaVa  with  7 ra  G Repc(A  : H)  and  Va  G B(H ) 

a 

such  that  J2VaVo<lH. 

a 

Then,  for  71,72  G AC(Q h(B),  3(H)),  we  obtain  upon  using  the  fact  that  0(7ra)  G 
RepyB  : H ) by  Proposition  2. 5. A, 

®"(7l  -12)W  = (71  -7 2)(0(V>)) 

= (7l-72)(^'C0(7„)K.) 
a 

= 51  K»*7l(0(^a))  • 72 (0(7Ta))Va 

a 

= ^K.-e»(7i)(^),e*(72)(2r„)V„ 

= (©>(7i)-e,(72))(^V>„V„) 

Qf 

= (e‘(7i)-e'(72))W). 

This  completes  the  proof  of  Part  A. 

Part  B is  proved  by  the  similar  arguments  using  Proposition  2.5.B.  | 

Remark.  A preliminary  report  on  parts  of  Chapters  1 and  2 is  to  appear  in 


[37]. 


CHAPTER  3 


CP-DUALITY  FOR  JC-  AND  JW-ALGEBRAS 

In  this  chapter,  we  generalize  the  notion  of  completely  positive  maps  to  the 
category  of  JC-algebras,  and  discuss  CP-convexity  and  CP-duality  for  JC-  and  JW- 
algebras.  These  results  will  be  essentially  used  for  our  formulation  of  orientability 
conditions  in  the  CP-geometrical  setting  in  Chapter  7. 

We  recall  that  a normed  Jordan  algebra  is  called  a JC-algebra  [resp.  JW- 
algebra ] if  it  is  isometrically  isomorphic  to  a norm  closed  [resp.  weakly  closed] 
Jordan  subalgebra  of  self-adjoint  bounded  linear  operators  on  a (complex)  Hilbert 
space.  JW- algebras  are  also  characterized  as  the  JC-algebras  with  predual.  For  each 
JC-algebra  A,  there  exist  a C*-algebra  C*(A),  called  the  enveloping  C*-algebra  of 
A , and  an  injective  Jordan  homomorphism  <f>A  : A — ► C*(A ) such  that  4>a(A) 
generates  C*(A)  as  a C*-algebra,  and  any  Jordan  homomorphism  p : A — ► A3a, 
where  A is  a C*-algebra,  extends  uniquely  to  a ^-homomorphism  p : C*(A)  — ► 
A (cf.  [4;  Th.  5.1],  [45;  Th.  7.1.8]).  Similarly,  for  each  JW-algebra  M,  there 
exist  the  enveloping  W*-algebra  W*(M)  and  an  injective  normal  homomorphism 
<t>M  '■  M — *■  W*(M)  such  that  <Pm(M)  generates  W*(M),  and  any  normal  Jordan 
homomorphism  p : M — > M.  3a,  where  Ai  is  a W*-algebra,  extends  uniquely  to 
a normal  ^-homomorphism  p : W*(M ) ->  M (cf.  [45;  Th.  7.1.8-9]).  For  the 
enveloping  C*-algebra  C*(A)  [resp.  enveloping  W*-algebra  W*(M)],  there  exists 
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a unique  *-anti-automorphism  $ of  C*(A ) [resp.  W*(M)\  of  order  2 which  leaves 
[resp.  <pm(M)\  pointwise  invariant  ([4;  Cor.  5.2],  [45;  Th.  7.1.9]).  Following 
[44],  the  universal  tensor  product  A®B  of  JC-algebras  A and  B is  defined  to  be  the 
JC-subalgebra  of  C*(A)  <g)mai  C*{B)  generated  by  the  subspace  < Pa(A ) ®<Pb(B). 

We  then  define  the  completely  positive  maps  for  JC-algebras  as  follows. 


DEFINITION  3.1.  .4  positive  real  linear  map  ip  between  two  JC-algebras  A and 

B is  defined  to  be  completely  positive,  if,  for  every  integer  n > 1,  the  corresponding 
linear  map 


tyn  ■ [<*«>]  6 A <g>  Mn(C)sa  — ► [ip(a,j)\  e B ® Mn(C)3a 
extends  to  a positive  linear  map 

4>n  : A®Mn(C)sa  -*  B<g)Mn(C)sa. 

We  denote  by  C P(  .4,  B(H)sa)  the  set  of  all  completely  positive  linear  maps  from  a 
JC-algebra  A into  the  J C-algebra  B(H)sa  of  all  self-adjoint  bounded  linear  operators 
on  a Hilbert  space  H , and  by  Qh{A)  the  CP-state  space  of  A for  H,  i.e.. 

Qh(A)  = {iP6  CP(A,  B(H)sa);  U\\  < 1}. 

Similarly . we  define,  for  a JW- algebra  M , C P(M,  B(H)aa)n,  Qh(M)u  as  the  normal 
parts. 


We  first  generalize  the  Stinespring  representation  theorem  as  follows. 
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THEOREM  3. 2. A.  Let  A be  a JC-algebr a and  H be  a Hilbert  space.  Then, 
ip  € CP(A , B(H)sa)  if  and  only  if  xp  can  be  written  in  the  form 

xp(a)  = V*  p(a)  V for  all  a E A 

where  p is  a Jordan  representation  of  A on  some  Hilbert  space  K and  V G B(H,  K). 

Theorem  3.2.B.  Let  M be  a JW-algebra  and  H be  a Hilbert  space.  Then, 
xp  G CP(M , B{H)sa)n  if  and  only  if  xp  can  be  written  in  the  form 

xp(a)  = V* p(a)  V for  all  a G M 

where  p is  a normal  Jordan  representation  of  M on  some  Hilbert  space  K and 
V G B(H,  I\). 

PROOF:  We  prove  Part  A.  Let  xj)  G C P(A,  B(H)sa ) and  consider  the  following 

diagram: 

^ C*{A) 

* 

> C*(B(H)sa ) 

c 

where  <j)A  and  ds  denote  the  canonical  injections  of  A and  B(H)sa  respectively, 
and  p is  defined  by  p = <f)g  oip  o (f>A.  It  is  obvious  that  is  positive  since  0.4  and 
<f>B  are  Jordan  isomorphisms.  We  shall  show  that  9 can  be  extended  canonically 
to  a completely  positive  map  $ : C*(A)  ->  C*(B(H)sa)  in  the  C*-algebra  sense. 
We  use  the  following  result  proved  in  [44;  Lemma  5.4];  if  B is  a JC-algebra  and  B 


A 

+ 

B{H)S 


<t>A 


MA) 


d>B(B(H)sa) 
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is  a C*-algebra  with  no  scalar  representation,  then  B(g)Bsa  = ( C*(B ) ®max  B)aa. 
We  substitute  here  B = A and  B = A/n(C)  (n  > 2),  and  then  B = B(H)sa  and 
B = Mn( C)  (n  > 2),  and  get  the  following  diagram: 


-4®Afn(  C)3 

0n 


(C*(A)®Mn(C)), 


<f>A(A)  ® Mn(C)d 


Y>n 


B(H)3a®Mn(C)sa  — ► (C*(B(tf)3a)®Mn(C))sa  4 <t>B{B(H)sa)  ® Mn(C)a 


where  denotes  the  positive  linear  map  defined  in  Definition  3.1,  denotes 
the  maps  defined  for  i/>„  by  the  bijection  maps  = of  the  diagram,  and  < pn  denotes 
the  induced  map  corresponding  to  <p.  (We  omitted  the  sufix  max  under  the  tensor 
product  ® since  A/„(C)  is  a nuclear  C*-algebra,  for  which  the  tensor  product  is 
unique.)  From  the  above  diagrams,  it  follows  that  <p  is  completely  positive  since  y 
is  completely  positive,  hence  so  is  the  complex  extension  <p  : <Pa(A)  + i(f>A{A)  — > 

If  -4  is  unital  (with  identity  e),  then  <f>A(e)  is  the  identity  of  C*(A)  since  C*(A) 
is  generated  by  <f>A{A\  so  that  <t>A(A)c  :=  <j>A(A)  + i<j>A(A)  is  an  operator  system 
of  C*(A),  i.e.,  <^a(-4)c  is  a selfadjoint  subspace  of  C*(A ) containing  the  identity  of 
C*(.4).  We  also  note  that  C*(B(H)sa)  = B(H)  © B(H)°  (where  B{H)°  denotes 
the  opposite  C*-algebra  of  B(H)),  which  is  a direct  sum  of  injective  C*-algebras. 
so  that  it  is  injective.  Hence,  the  completely  positive  map  <p  from  the  operator 
system  <f>A(A)c  to  C*(B(H)sa ) has  a completely  positive  extension  : C*(.4)  — > 
C'(B(H)  sa  ).  (This  is  essentially  due  to  Arveson’s  extension  theorem,  cf.  [11;  Th. 
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1.2.7]  or  [59;  Th.  6.5]  for  the  general  version.) 

If  .4  is  not  unital,  we  take  the  JC-algebra  Ae  obtained  by  adjoining  an  identity 
e to  .4,  i.e.,  .4e  = A + Re.  Let  (u,),e/  be  an  approximate  identity  of  A (e.g., 
[45:3.5.4]),  and  define  xpe(a  + ae)  :=  xp(a)  + a(w  - lim 0(u,-))  for  ft  6 R.  so  that 

I 

'Pete  + aoxje))  = tp(c)  + a(w  - limy^^ti,-))  for  c G <Pa(A)  and  ft  G R.  Then, 
~Pt  : <2Me(-4e)c  - <pB(B(H)sa)c  C C*(B(H ) sd ) ^ completely  positive,  hence  is 
extended  to  a completely  positive  map  \I>e  : C*(Ae)  -*  C*(B(H)sa)  as  we  showed 
in  the  unital  case.  Thus,  <p  — ^>e\^A(A)  has  a completely  positive  extension  'L  = 

*e\c-(A)  : C*{A)  - C*(B(H)aa). 

We  have  now,  from  the  first  of  the  above  diagrams, 

^(^A(a))  = <^s(^(a))  for  all  a £ A, 

and  we  recall  that  <pB  is  given  by  <pB(b)  = b © 6°  for  b G B(H)sa  (cf.  [45;  Th. 

7.4.7] ),  hence 

^(^a(o))  = ip(a)  © V>(a)°  for  all  a G -4. 

Since  * G CP(C*(A),B(H)  ® B(H)°),  we  can  set 

'L(c)  = i p(c)  © xP{c)°  for  c G C*(A) 

with  xp  G CP(C*(A),  B(H))  such  that  xp  = xp  o <pA. 

Let  v = V*k  V where  k is  a ^representation  of  C*(A)  on  a Hilbert  space  K,  and 
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V G B(H,K).  Then,  for  any  a G ,4, 

0(a)  = ( <t>BX  0 ^ ° <t>A){a)  = 0BX[0(0A(a))  ® 0(<^A(a))°] 

= 4>b1[V'(k  o 0A)(a)  V ® (V*(k  o 0A)(a)  U)°] 

= V'{KO<t>A){a)V  = V'p{a)V, 

where  we  set  p = k o which  is  a Jordan  representation  of  ,4  on  K. 

Conversely,  assume  that  ip  : A —>  B(H)sa  is  written  in  the  form  ip  = V*pV 
where  p : A — > B(I\)sa  is  a Jordan  representation  of  .4  on  a Hilbert  space  K and 

V G B(H,K).  Since  p is  uniquely  extended  to  a ^-representation  k : C*(.4)  — ► 
B(K),  ip  extends  to  a CP-map  ip  = V* k V : C*(A)  — > B(H).  Define 

tf(c)  = 0(c)  ® ip(c)°  for  all  c G C*(A), 

then  # G CP(C*(A),C*(B(H)sa)),  so  that,  from  the  diagrams,  ip  = <p~^1  o $ o <pA 
and  the  maps  0„  induced  by  are  all  positive.  Hence  ip  G C P(A,  B(H)3a).  This 
proves  Theorem  3. 2. A. 

Upon  using  the  normal  part  in  the  arguments  of  Theorem  3. 2. A,  we  immedi- 
ately obtain  Theorem  3.2.B.  | 

Remarks.  1.  Let  ip  = V* pV  G CP(A.B(H)sa)  where  p : A —>  B{K)3a  is  a 
Jordan  representation  and  V G B(H,  A).  We  denote  by  p the  canonical  extension 
of  p,  i.e.,  the  unique  extension  of  p as  a ^representation  to  C*(A),  and  define 
0 = V*pV  G CP(C*(A),B(H)),  which  we  call  the  canonical  extension  oiip.  Then, 
we  can  assume  the  minimal  conditions  Hp  = [p(A)VH]  and  Hp  = [p{C*(A))V  H), 
and  that  Hp  = Hp  since  p is  an  extension  of  p on  the  same  Hilbert  space  Hp. 
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2.  Let  \ * pV  E CP(A,  B(H)sa)  and  let  J : Hp  — ► Hp  be  an  anti-unitary 
operator,  and  define  a transposed  representation  of  p by  pl  = JpJ.  Then,  V*ptV  € 
CP(A.B(H)sa)  since  pl  is  a Jordan  representation  of  A on  Hp.  This  makes  the 
situation  different  from  the  C*-algebra  case  where  the  transposed  map  was  not 
completely  positive. 

3.  Let  0 = V*pV  E CP(A,  B(H)sa),  then  ||0||  = ||V||2.  This  is  proved 
similarly  as  in  the  C*-algebra  case  due  to  the  existence  of  approximate  identity  in 
JC-algebras. 

We  now  consider  CP-convex  combinations  in  the  cone  C P(A,  B(H)sa). 

Proposition  3.3.  Let  A be  a JC-algebra  and  H be  a Hilbert  space,  and  let 
(0q)q6 a be  a bounded  family  in  CP(A,  B(H)sa ).  Then,  any  CP-convex  combina- 
tion 

Y Sa^aSQ  with  Sa  € B(H)  such  that  Y S°Sa  - Ih 

a€A  q€A 

converges  in  the  BW-topology  to  an  element  0 € CP(A,B(H)sa)  with  ||0||  < 
suPo€A  Il0°||  0=  r)- 

Proof:  By  Theorem  3.2.  we  can  write  0a  = V*pQVa  where  pQ  : A -+  B(Ka ) 
is  a Jordan  representation  and  € B(H,  Ka).  Let  0a  = V*pQVa  be  the  canonical 
extension  of  0a,  then  ||0Q||  = ||l/a||2  = ||0Q||  < r (cf.  Remark  3 above).  By 
Proposition  1.2,  £a  S*tpQSa  converges  in  the  BW-topology  to  an  element  0 = 
V*kV  e CP(C*(A ),  B{H ))  where  k is  a ’•'-representation  of  C*{A)  on  some  Hilbert 
space  K and  V E B(H,I<),  and  ||0||  = ||F||2  < r.  Hence  ZaSy,aS*  converges 
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in  the  BW-topology  to  ip  :=  iP\a  = V*k\aV  = V* pV  where  p = k\a  is  a Jordan 
representation  of  A on  K,  so  ip  € C P(A,  B(H)3a)  with  ||0||  = ||V||2  < r.  | 

Let  .4  be  a JC-algebra  and  p be  a Jordan  representation  of  >1  on  a complex 
Hilbert  space  Hp.  Then  the  canonical  extension  p is  a ^-representation  of  C*(A ) 
on  Hp,  hence  has  a cyclic  decomposition  p = ®apQ.  Let  pQ  :=  pa\A,  then  pQ  is  a 
cyclic  Jordan  representation  with  HPa  = HPa ; in  fact,  from  Remark  1 to  Theorem 
3.2,  if  £a  is  a cyclic  vector  for  pQ , HPa  = [pa(C*(A)£a]  = [pa(A)£0]  = HPa.  Hence 
p has  a cyclic  decomposition  p — (Bapa.  From  this  it  is  reasonable  to  define  the 
cyclic  dimension  of  A by  ac(A)  :=  ac(C*(A)).  Similarly,  for  a JW-algebra  M,  we 
can  define  the  normal  cyclic  demension  by  ac(M)n  :=  ac(W*(M))n. 

We  note  here  that,  if  p is  a cyclic  Jordan  representation  of  a JC-algebra  .4  with 
a cyclic  vector  £,  then  [p(.4)f]c  = Hp\  however,  [p(A)^]r  ^ Hp  in  general,  where  we 
denote  by  [ ]c  [resp.  [ ]r]  the  closed  complex  [resp.  real]  linear  hull.  In  this  sense, 
£ is  not  a “real”  cyclic  vector.  For  example,  let  .4  = M2(R)S  (the  set  of  all  2x2 
symmetric  matrices),  and  p = id  be  the  identity  representation  of  .4  on  R2  C C2. 
Take  a vector  ( 6 R2  ((  / 0),  then  [p(.4)£]r  = R2,  while  Hp  = [p(.4)£]c  = C2. 
Consequently,  when  we  say  that  £ is  a cyclic  vector  for  the  Jordan  representation  p 
of  a JC-algebra  A,  we  mean  that  [p(;4)£]c  = Hp. 

In  the  following,  we  use  the  notations  JRep(A  : H ) [resp.  JRepc(A  : if)]  to 
denote  the  set  of  all  Jordan  representations  [resp.  Jordan  cyclic  representations] 
of  a JC-algebra  A on  a Hilbert  space  H.  Similarly,  we  define  JRep(M  : H)n, 
J Repc(M  : H)n  for  a JW-algebra  M as  the  normal  part  of  the  representations. 
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PROPOSITION  3. 4. A.  Let  A be  a JC-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(A).  Then, 

Qh(A ) = CP  — conv  JRepc(A  : H ) 

PROOF:  By  Proposition  1.4. A,  Qh(C*(A ))  = CP  — conv  Repc(C*(A ) : H). 

Hence,  noting  ac(A)  = ac(C*(A))  by  definition,  we  have  Qh(A)  = r(Q fj(C*(A))  = 
CP  — conv  r(Repc(C*(A)  : H ))  = CP  — conv  J Repc(A  : H ),  since  the  restriction 
map  is  CP-affine.  | 

Similarly,  we  have 

PROPOSITION  3.4.B.  Let  M be  a JW-algebra  and  H be  a Hilbert  space  with 
dimH  > qc(M)„.  Then, 

QH(M)n  = CP  — conv  JRepc(M  : H)n 

We  next  show  that  the  GNS-representation  for  C*-algebras  can  be  generalized 
to  JC- algebras. 

PROPOSITION  3.5.  Let  A be  a JC-algebra,  and  u 6 Q(A)  be  a quasi-state  of 
A.  Then,  there  exists  a Jordan  representation  pu  of  A on  a Hilbert  space  H^  and 
a cyclic  vector  € Hu  for  pu  with  ||£u>||2  = ||u;||,  such  that 

w(a)  = (Pu/(a)  Zw)  for  all  a £ A 

If  M is  a JW-algebra  and  uj  € Q(M)n,  then  we  have  the  same  expression  with  p^ 
normal. 

Proof:  We  regard  A as  a subspace  of  C*(.4)sa  by  the  canonical  image. 

Then,  we  can  extend  u>  € Q(A)  to  C*(A)aa  which  we  denote  by  u £ Q(C*(A)). 
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(The  existence  of  such  u>  is  proved  as  in  the  C*-algebra  case.)  From  the  GNS- 
construction  for  the  C*-algebra  C*(A),  there  exists  a ^-representation  ku  of  C*(A) 
on  a Hilbert  space  H w and  a cyclic  vector  G Hu  for  k w such  that 

u>(c ) = (kw(c)£ for  all  c € C*(A ) 

with  ||^||2  = ||u>||.  Let  = /c|^,  then  is  a Jordan  representation  of  A on  Hu, 
and,  since  u\a  = we  have 

w(a)  = (pu{a)(u,Zw)  for  all  a G A. 

It  follows  from  Remark  1 to  Theorem  3.2  that  is  a cyclic  vector  for  p^  since  ku 
is  the  canonical  extension  of  p {A). 

If  A = M is  a JW- algebra  and  u is  normal,  then  /cw,  hence  pw  is  normal.  | 

Similarly  as  in  the  C*-algebra  case,  quasi-states  are  characterized  as  one- 
dimensional CP-states. 

PROPOSITION  3.6.  Let  ,4  be  a JC-algebra,  and  H be  a Hilbert  space.  Then, 

Q(A)  = = V* pV  G QH(A),dim[imV]  = 1}  :=  Qh,i(A) 

where  represents  the  equivalence  class,  and  the  correspondence  is  given  by 

u>  G Q(A)  <->  0W  :=  ( u>(-)P ) G Qh,i(A) 

where  P is  a one  dimensional  projection. 

If  M is  a JW-algebra,  we  have  Q(M)n  = Q//,i(M)n  with  the  same  correspon- 


dence. 
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PROOF:  From  the  inclusion  A C C*(A)9a,  we  have  Q(A)  = r(Q(C*(A)), 

where  r denotes  the  restriction  map.  Then  the  isomorphism  Q(A)  = Qh,i(A) 
follows  from  Proposition  1.5  and  Propositions  3.2. 

To  see  the  correspondence,  note,  from  Proposition  3.5,  that  u G Q(A ) is  of 
the  form 

a ;(a)  = (/>w(«)£w,  £w)  for  all  a G A 

where  pu  is  a Jordan  representation  of  A on  a Hilbert  space  H ^ and  is  a cyclic 
vector  for  pu.  Let  be  the  canonical  extension  of  /9W,  and  u be  the  corresponding 
extension  of  u>,  then 


u(c)  = (pw(c)^w,^)  for  all  c G C*(A). 


In  Theorem  1.5,  we  showed  that  this  expression  is  equivalent  to 


*(-)P  = V:puVu  (:=  fa) 


where  P is  a one  dimensional  projection  on  H and  is  defined  by 


K j(k)  = (k,h)£u  with  h G imP  (||/i||  = 1)  and  k G H. 


Then,  restricting  to  A, 


u{-)P  = VZp uVu  (:=fa) 


This  shows  the  correspondence.  | 


Remark.  As  we  mentioned,  the  canonical  extension  of  a Jordan  repesentation 
of  a JC-algebra  A to  its  enveloping  C*-algebra  C*(A)  as  a ^-representation  is  unique 
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by  definition.  However,  it  does  not  imply  the  uniqueness  of  any  extension  of  CP- 
maps.  For  example,  consider  A = M2(R)j,  then  C*(A ) = M2(C),  and  then  by 
Proposition  3.6, 

CPi(A,B(H)ta)  = CP(A,  R)  S (A*)+  = (R3)+ 

CPx(C%A),B(H))  “ CP(C*(A),C)  “ (C*(A)*)+  = (R4)+ 

where  CP]  denotes  the  one  dimensional  CP-maps.  This  shows  that  the  restriction 
map  r : CP(C*(A),  B{H))  — ► CP(A,B(H)3a ) is  not  one  to  one. 

We  shall  now  establish  the  CP-duality  for  JC-  and  JW-algebras.  We  employ 
the  same  definition  as  Definition  2.1  to  define  P(P)sa- valued  CP-affine  functions. 
The  notations  AC(Qtf(-4),  B(H)sa ) for  a JC-algebra  A,  and  AB(Q h(M)„,  B(H)sa) 
for  a JW-algebra  M axe  defined  similarly  as  for  C*-  and  W*-algebras. 

PROPOSITION  3. 7.  A.  Let  A be  a JC-algebra,  and  H be  a Hilbert  space  with 
dimH  > qc(.4).  Then , AC(Q h{A),  B(H)3a)  is  a Jordan  algebra  with  the  following 
product;  for  71,72  € .4C(Qn(A),  B(H)sa ) and  = V*pV  E Qh(A)  with  CP- 
decomposition 

0 = ^ V*pQVQ  where  pa  E J Repc(A  : H ) with  p ~ ©QpQ 

a 

and  Va  E B(H)  such  that  'Y  VJ  Va  < 7//  (cf.  Prop.  3. 4. A), 

a 

we  define  the  Jordan  product  of  71  and  72  by 

(71  0 72X^0  :=  Y VaTi(p0i)  0 72 (pa)VQ. 
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We  then  have 

A = AC(Q h(A),  B(H)sa ) (Jordan  isomorphism ) 

PROPOSITION  3.7.B.  Let  M be  a JW-algebra,  and  H be  a Hilbert  space 
with  dimH  > ac(M)n.  Then,  AB(Q  n(M)n,  B(H)sa)  is  a JW-algebra  with  respect 
to  the  product  defined  in  Proposition  3.7. A,  where  JRepc(A  : H ) is  replaced  by 
JRepc(M  : H)n,  and  we  have 

M = AB(Qf{{M)n,  B(H)aa)  (Jordan  isomorphism). 

Proof:  We  shall  prove  Part  B,  from  which  Part  A follows  by  restricting  our 

objects  to  BW-w  continuous  elements. 

We  first  show  that  there  exists  a one  to  one  correspondence  between  M and 
AB(QH(M)n,B(H)sa).  Consider  the  following  diagram: 

M — ^ AB(QH(M)n,B(H)sa) 

j 

Ab0(Q(M)n,  R) 

where  Aq(Q(M)u,  R)  denotes  the  set  of  all  real  valued  bounded  affine  functions  on 
Q(M)n,  and  i assignes  an  evaluation  map,  and  j is  defined  for  7 £ AB(QH(M)„, 
B(H)sa)  and  u>  6 Q(M)n  by 

i(7)(w)  = (tCV’u/Vi,  h)  with  h € ess.supp^u),  ||h||  = 1. 

The  isomorphism  k is  the  generalization  of  Kadison’s  function  representation,  which 
has  no  limitation  to  be  extended  to  JW-algebras.  (cf.  [60;3.10.3]  for  the  proof  for 
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C*-algebras,  and  [5]  for  unital  JB-algebras).  It  is  shown  that  the  above  diagram 
commutes  as  in  the  proof  of  Theorem  2.2. 

It  is  obvious  that  i is  injective.  To  prove  that  i is  surjective,  we  need  to  show 
that  j is  injective.  Let  7 € AB(Q tf(M)n, B(H)sa)  and  assume  7(7)  = 0.  Then, 
we  can  trace  the  same  argument  in  the  proof  of  W*-algebra  case  (Theorem  2.2) 
using  Propositions  3.5  and  3.6,  and  conclude  (7 (/>)£,£)  = 0 for  all  pair  of  normal 
cyclic  Jordan  representation  p of  M and  a cyclic  vector  £ for  p.  Then,  denoting 
rll(7)  = 70  r,  (rll(7)(p)£, £)  = 0 for  all  pair  of  normnal  cyclic  representation  p 
of  W*(M)  and  a cyclic  vector  £ for  p.  (Note  that  p and  its  canonical  extension 
p have  the  same  cyclic  vector  £.)  Then,  by  the  proof  of  Theorem  2.2,  we  have 
^(7)  = 7 o r = 0.  Noting  r(<2//(  W*(M)n ) = Qh{ A/)n,  we  conclude  7 = 0.  Hence 
j is  injective. 

By  the  same  arguments  as  in  the  proof  of  Proposition  2.2,  and  upon  considering 
the  canonical  extension,  it  is  shown  that  the  above  definition  of  Jordan  product  is 
well  defined,  i.e.,  it  does  not  depend  on  any  particular  CP-decompositions.  We 
define  a map  r»  : AB(QH(M)n,  B(H)sa ) AB(QH(W*(M))n,  B(H)sa)  by 

rti(7)  = 70  r for  7 € AB(Q H{M)n,  B(H)sa) 

where  r is  the  restriction  map.  Note  here  that,  by  the  CP-duality  for  C*-algebras. 
W*(M)sa  = AB{Qn{W*(M))n,B(H)sa)  (Jordan  isomorphism).  Since  r is  onto, 
is  an  injective  order  isomorphism,  hence  a Jordan  isomorphism  with  isometry 
11^(7)11  = ||7||,  by  which  ||7||  defines  the  norm  of  JC-algebra  AB(QH{M)n,  B(H)sa). 

It  is  straightforward  to  see  that  i is  a Jordan  isomorphism,  (cf.  Proof  of 
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Theorem  2.2)  | 

The  following  theorems  are  the  direct  analogs  of  Theorems  2.4. A and  B.  and 
will  be  used  in  Chapter  7. 

THEOREM  3.8.  A.  Let  A and  B be  JC-algebras , and  H be  a Hilbert  space  with 
dimH  > sup{otc(A),  ac(B)} . Then,  Qh(A)  and  Qh(B ) are  CP-affine  BW-homeo 
morphic  if  and  only  if  A a ns  B are  Jordan  isomorphic. 

THEOREM  3.8.B.  Let  M and  N be  JW-algebras,  and  H be  a Hilbert  space 
with  dimH  > sup{ac(M)n,ac(iV)n}.  Then , Q//(M)n  and  Qh(N)ti  are  CP-affine 
isomorphic  if  and  only  if  M and  N are  Jordan  isomorphic. 

PROOF:  We  prove  Part  A.  It  is  straightforward  to  see  that,  if  A and  B 

are  Jordan  isomorphic,  then  Qh(A)  and  Qh(B ) are  CP-affine  BW-homeomorphic 
(cf.  Proof  of  Theorem  2.4).  Conversely,  if  Qh(A ) and  Qh(B ) are  CP-affine  BW- 
homeomorphic,  then  Qh,i{A)  and  Qh,i{B)  are  w*-homeomorphic,  hence  by  [51], 
.4  and  B are  Jordan  isomorphic. 

Part  B is  proved  similarly.  | 

For  our  purpose  in  subsequent  arguments,  we  denote  by  Ph{A ) the  set  of  all 
pure  elements  of  C P(A,  B(H)sa)  for  a JC-algebra  A , and  we  prove  the  following 
result. 

PROPOSITION  3.9.  Let  A be  a JC-algebra  and  H be  a Hilbert  space.  Then. 
0 = V* pV  6 Ph{A)  if  and  only  if  p £ J Rep(A,  Hp ) is  irreducible.  Moreover, 
Ph(A)  = r(Pf{(C*(A )))  where  r is  the  restriction  map. 
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Proof:  Let  ip  = V*pV  € CP(C*(A),B{H))  be  an  extension  of  ip  E P//(A) 

to  C*(A).  Since  ip  has  at  least  one  pure  extension,  we  can  assume  that  ip  E 
Ph(C*(A)),  i.e.,  p is  irreducible.  We  note  that  p is  irreducible  if  and  only  if  p is 
irreducible  since  C*(A ) is  generated  by  A as  a C*-algebra,  so  that  p is  irreducible. 

Conversely,  let  ip  = V* pV  E CP(A,  B(H)3a)  with  p irreducible,  and  assume 
0 < ip  < ip  with  p E CP(A,  B(H)aa).  We  take  the  canonical  extensions  0 < p < 
ip  — V*pV.  Then  xp  € Ph{C*(A ))  since  p is  irreducible,  so  p = cip  (0  < c < 1). 
Hence,  p = r(p)  = cr(ip)  = cip,  i.e.,  ip  E Ph{A). 

Ph(A)  — r(P//(C*(A)))  is  clear  from  the  above  proof.  | 

Remark.  Let  p be  an  irreducible  representation  of  a JC-algebra  A on  a 

^ 

complex  Hilbert  space  H.  Then,  p(A)  ^ B(H)sa  p is  not  a dense  represen- 
tation)  in  general,  which  is  different  from  the  C*-algebra  case.  Every  irreducible 
representation  is  dense  if  and  only  if  A is  of  complex  type  (cf.  [4]). 


CHAPTER  4 


CP-FACIAL  STRUCTURE  OF  CP-STATE  SPACES 
AND  DUALITY 

In  this  chapter,  we  discuss  the  CP-affine  geometry  of  CP-state  spaces  and 
generalize  the  duality  between  ideals  of  the  algebra  and  faces  of  the  state  space, 
which  was  first  formulated  in  scalar  convexity  by  Effros  [30]  and  Proser  [63]  for 
C*-  and  W*-algebras,  and  by  Alfsen  and  Shultz  [5],  [7]  for  unital  JB-and  JBW- 
algebras.  In  the  setting  of  CP-duality,  the  algebraic  structure  and  order  structure 
of  the  algebra,  which  are  closely  related,  will  be  geometrically  represented. 

In  scalar  convexity  theory,  a face  of  a (convex)  cone  is  characterized  by  a 
hereditary  subcone.  We  will  generalize  this  notion  to  the  cone  C P(A,  B(H))  for 
a C*-algebra  A with  the  completely  positive  order.  We  discuss  the  C*-algebra 
case  first  and  feature  the  JC-algebra  case  later.  It  will  be  clarified  how  the  C*- 
ideal  structure  is  reduced  to  the  non-oriented  Jordan  ideal  structure  through  these 
parallel  arguments. 

DEFINITION  4.1.  Let  .4  be  a C*-algebra  and  H be  a Hilbert  space.  A CP- 
convex  cone  Ch  of  CP(A,  B{H))  is  defined  to  be  a CP-face,  if  it  is  CP -hereditary, 
i.e.,  if  ip  £ Ch  and  p £ CP(A,  B(H))  fl  (ip  — C P(A,  B(H)))  imply  p £ Ch,  or 
symbolically,  0 < p < ip  £ Ch  =>  p € C h ■ Accordingly,  a CP-convex  subset  Fh 
of  the  CP-state  space  Qh(A)  is  defined  to  be  a CP-face  of  Qh(A),  if  there  exists  a 


48 


49 


CP-face  CH  ofCP(A,B(H))  such  that  FH  = CH  n Qh{A). 

A CP-face  Fh  is  called  a CP -split  face  of  Qu(A)  if  there  exists  a CP-face 
F'h  of  Qh(A),  which  is  called  the  complementary  CP-face  of  Fh,  such  that  every 
CP-state  xp  € Qh{A ) is  decomposed  uniquely  as 

xp  = ipi  + ip2  with  xp\  £ Fh  and  xp2  £F'h, 

i.e.,  Qh(A)  is  a CP-direct  sum  of  Fh  and  F'h,  which  will  be  written  symbolically 

Qh(A)  = Fh  ©cp  F'h. 

For  a subset  S £ Qh{A),  ive  will  write  C P — face(S)  for  the  CP-face  generated 
by  S.  i.e.,  the  smallest  CP-face  of  Qh{A)  containing  S. 

When  we  consider  a W*-algebra  M and  the  cone  C P(M.  B(H))n,  the  above 
definitions  are  used  to  define  CP-face,  CP-split  face,  CP  — face(S)  of  Q // ( M ) „ 
with  the  order  induced  from  the  cone  CP(M,  B(H))n. 

Remarks.  1.  When  H — C,  the  above  definition  of  CP-face  is  reduced  to  the 
usual  definition  of  face  of  the  quasi-state  space  with  respect  to  scalar  convexity. 

2.  Let  ip  be  a point  in  Qh{A)  and  assume  xp  ^ 0.  Since  CP  — face(ip)  need 
to  be  CP-convex,  it  has  to  contain  at  least  the  line  segment  {exp;  0 < c < 1},  so 
that  we  do  not  have  the  concept  of  “CP-extreme  points”  which  are  customary  in 
the  scalar  theory.  The  origin  {0}  is  the  only  CP-face  consisting  of  a single  point. 

3.  To  illustrate  the  difference  between  the  concepts  of  face  and  CP-face,  one 
can  consider  the  pure  ray  of  the  cone  CP(A,  B(H )),  i.e.,  R $ = {txf;xp  = V*rrV  £ 
Ph(A)  ,t  > 0}.  As  easily  checked,  is  CP-convex  if  and  only  if  dimH  = 1.  As 
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a consequence,  if  dimH  ^ 1,  the  pure  line  segment  [0,?/>]  is  an  example  which  is  a 
face  of  Qh(A)  with  respect  to  scalar  convexity,  but  not  a CP-face  of  Qh(A)  with 
respect  to  CP-convexity. 

We  shall  show  that  we  can  generalize  the  concept  of  projective  faces  in  the 
scalar  convexity  theory  ([5])  for  our  CP-convexity  context. 

THEOREM  4.2.  Let  M be  a W*-algebra  and  H be  a Hilbert  space.  Then  there 
exists  a one  to  one  correspondence  between  the  set  V(M)  of  all  projections  of  M 
and  the  class  J-h(M)  of  all  norm  closed  CP- faces  of  Qh(M)ti  ■ The  correspondence 
is  given  by 

peV(M)  4— ► Fh(p)  = {</>  = V'ttV  € Qff(M)n;i/?(p)  = V'V}  € FH(M) 

where  central  projections  are  mapped  onto  CP-split  faces. 

PROOF:  Let  p € V(M).  We  first  show  that  Fh{p ) defined  above  is  a norm 

closed  CP-face  of  Qyi{M)n.  Set  q — e — p (e  is  the  identity  of  M),  then  Fn(p)  = 
{rp  6 QH(M)n-iP(q)  = 0}.  Set  CH(q ) = {V>  € C P(M,  B(H))n]iP(q)  = 0}.  then 
CH{q)  is  a hereditary  CP-convex  cone  such  that  Fh(p)  = Q//(A/)n  H so 

that  Fh{p)  is  a CP-face  of  Qh(M)u.  Clearly  Ffj(p)  is  norm  closed,  since  it  is  the 
kernel  of  the  norm  continuous  CP-affine  function  q 6 M = AB{Q B(H)). 
Hence.  Fn{p)  € Fh(M). 

Conversely,  suppose  that  Fh  is  a norm  closed  CP-face  of  Qh{M)u.  Let  Fc  be 
the  unitary  equivalence  classes  of  all  one  dimensional  CP-maps  in  Fh , i-e..  Fc  = 
Fh  H Q{M)n  :=  Ffj'i,  then  Fq  is  a norm  closed  face  of  Q(M)n,  so  that  there  exists 
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q G V{M)  such  that  Fc  = {a;  G Q//(M)n;  u;(g)  = 0}(cf.[60;  Th.  3.6.11]).  Observing 
the  correspondence 

U)  G Fc  *->  rpu,  = (F0P)~  = (u(-)py  G Fh, i (0  € Fh) 

where  P is  a one  dimensional  projection  on  H (cf.  Proposition  1.5),  we  conclude 
that  w G Fh  if  and  only  if  0(g)  = 0,  hence  Fh  = Fn{p ) for  p = e — q G V(M). 

We  next  consider  the  particular  case  where  c G V(M)  is  a central  projection. 
Let  v = V*ttV  G Q//(M)n  be  arbitrary.  Since  7 r(c)  G 7r(M)',  we  immediately  have 
a decomposition 

0 --  V'*7tF  = 0C  + 0e_c 

where  0C  = Vr*7r(c)*7r(-)7r(c)V  and  0e_c  = V*7r(e  — c)*7r(-)7r(e  — c)V". 

Clearly  0C  G Fh{c)  and  0e-c  G F//(e  — c),  since  0c(e  — c)  = 0e_c(c)  = 0.  We  shall 
show  that  this  is  the  unique  decomposition  of  the  form 

0 = 0!  + 02;  V’l  € Fh{c),  V>2  € Ftf(e  - c). 

In  fact,  since  0i  < 0 and  02  < 0,  by  [1 1 ;Th.  1 .4.2]  there  exists  T G ~(M)'  with 
0 < T < I h„  such  that 

0!  = V*T±ir(-)T>V  and  rjj2  = V*(I -T)*V. 

Then,  noting  that  0i  G F//(c)  and  02  G F//(e  — c),  we  have 

0!(e  — c)  = Vr*T 2 7r(e  — c)T * F = 0 and  02(c)  = F*(I  - T) *tt(c)(/  - F) * I*  = 0. 
so  that,  for  any  h e H, 


(V*T?ic(e  - c)T^Vh,  h ) = ||7r(e  - c)T*Vh\\2  = 0 
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and 

(V*(I  - T)**(c)(I  - T)*Vh,  h)  = ||7r(c)(/  - T)Wh\\2  = 0 

i.e., 

x(e-c)TWH  = 0 and  7r(c)(/  - T)*VH  = 0. 

Since  7r(c)  E 7t(M)  fl  7 r(M)'  and  T E 7 r(M)',  we  conclude 

7r(e  - c)T  = tt(c)(/  - T)  = 0 on  Hn  = [n(M)VH], 

from  which  we  have  T = 7r(c)T  = 7r(c)  and  (/  - T)  = 7r(e  — c)  on  #*.  This  asserts 
ipi  = xl>c  and  V>2  = tpe-c- 

To  complete  our  proof,  we  have  to  show  that  every  CP-split  face  is  norm  closed. 
Let  Fh  be  a CP-split  face  of  Qh(M)u.  We  define  the  map  : i!>  € Qh{M)u 
(PxpP)  E Q(M)n  :=  Qh, i(M)„,  where  P denotes  any  one  dimensional  projection 
on  H,  and  ~ denotes  the  unitary  equivalence  class.  Then  'I'o  is  norm  continuous, 
and  maps  Ffj  onto  a split  face  Fc  :=  Fh,i  in  Q(M)n.  Since,  in  scalar  convexity, 
every  split  face  is  norm  closed  (c.f. [43]),  so  '^(Tc)  = FH  is  norm  closed.  This 
completes  the  proof.  | 

In  [5],  the  projective  face  F(p)  of  the  normal  state  space  N(M)  of  a W*- 
algebra  M was  defined  by  F{p)  = {w  E N(M)-u(p)  = 1}.  In  our  setting  of  the 
quasi-state  space,  it  is  generalized  as  Fc(p)  = {u  E Q(M)n\u(p ) = ||u;||}.  In  the 
following,  when  we  refer  to  the  projective  face  in  the  scalar  theory,  we  mean  this 
generalized  Fc(p).  Corresponding  to  this,  we  call  Fh(p)  in  Theorem  4.2  a CP- 
projective  face.  For  the  convenience  of  our  subsequent  arguments,  we  summarize 
here  some  characterizations  of  Fn(p). 
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PROPOSITION  4.3.  Under  the  same  condition  of  Theorem  4.2, 

F„(p)  = {xP  = V'ttV  G Qh(M)„;  j>(p)  = V*V} 

= {ip  — V*irV  G Qh{M)u\  im  V C im  {n(p))  = ker  7r(e  — p)} 

= {i>  € QH(M)n;ip(e  - p)  = 0} 

= {V>  G QH(M)n](Pxl’Py  G Fc(p),P  is  a one  dimensional  projection  onH } 
= {r/>  = <pp;(p  = V*ttV  G Qh(M)„,  <pp  :=  V*-k(p)-k{-)-k(p)V } 

PROOF:  The  first  four  equalities  are  immediate  (cf.  Proof  of  Theorem  4.2). 

For  the  last  equality,  we  note  that  every  xp  = V*irV  G Fh(p ) can  be  written  in  the 
form  v = tpp  = P*7r(p)7r(-)7r(p)F  since  7r(p)£  = ^ for  all  £ G Vif,  and  that,  for  any 
€ Qh(M)h,  G -Fh(p)  since  y?p(e  - p)  = 0.  | 

When  we  consider  the  CP-state  space  Qh(A ) of  a C*-algebra  A , we  can 
regard  it  as  the  normal  CP-state  space  of  the  enveloping  W*-algebra  .4**,  i.e.. 
Qh(A ) = and  consider  the  CP-projective  faces  Fn(p)  for  p G V(A**). 

Then,  the  above  characterizations  of  F//(p)  are  all  applicable  in  this  particular  case. 
In  what  follows,  when  we  make  statements  on  the  normal  CP-state  space  of  a W*- 
algebra,  we  always  understand  that  this  direct  conversion  to  the  CP-state  space  of 
a C*-algebra  is  implied. 

Corollary  4.4.  Let  A be  a C*-algebra  and  H be  a Hilbert  space.  Then. 
Fh(p ) with  p G V(A**)  is  BW-closed  if  and  only  if  p is  closed,  i.e.,  there  exists  an 
assending  net  ( aa ) C ■A"1"  such  that  aa  /*  p in  the  & - weak  topology  in  A** . p G .4 
if  and  only  if  Fu(p)  and  Fn(e  — p)  are  both  BW-closed. 
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PROOF:  We  first  show  that  Fh(p)  is  BW-closed  if  and  only  if  Fc(p)  is  w*- 

closed.  By  Proposition  4.3,  we  can  consider  the  map  'I'o  : Q//(.A/)n  — > Q(M)n, 
which  is  BW-w*  continuous  (cf.  Proof  of  Theorem  4.2  for  the  definition  of  'I'o).  If 
Fh(p)  is  BW-closed,  then  Fh(p)  is  BW-compact  (cf. [11] ),  so  4'0(F//(p))  = Fc(p) 
is  w*-compact,  hence  w*-closed.  Conversely,  if  Fc{p)  is  w*-closed.  then  Fu(p)  = 

(Fc(p))  is  BW-closed.  Then  the  assertion  follows  from  [1;  Prop.  II. 2,  Prop. 
11.18]  or  [5;  Th.  11.7].  | 

We  shall  now  give  some  characterizations  of  CP-split  faces. 

PROPOSITION  4.5.  Let  M be  a W*-algebra  and  H be  a Hilbert  space,  and 
let  Fh(p)  be  a CP-projective  face  of  Qn(M)n.  Then,  Fh{p)  is  a CP-split  face  if 
and  only  if  one  of  the  following  equivalent  conditions  is  satisfied. 

(i)  p is  a central  projection. 

(ii)  For  any  ip  = V*ttV  £ Fh{p),  n(p)  = Ih„- 

(iii)  For  any  ip  = V*ttV  £ Fh{p),  and  any  unitary  element  u £ M. 

ipu  = V*ir(u*)it(-)Tr(u)V  £ FH{p). 

PROOF:  From  Theorem  4.2,  Fn{p)  is  a split  face  if  and  only  if  p is  central. 

We  will  show  (i)  =>  (ii)  =*>  (ifi)  =>  (i). 

(i)  =>  (ii)  : Let  xp  = V*-kV  £ Fn(p).  Then,  letting  q = e — p,  we  have 
V*n(q)V  = 0,  so  that  ir(q)V H = 0.  Since  q is  central,  for  any  a £ M,  7T(q)ir(a)V H 
= A<*Mq)VH  = 0,  so  Tr(q)[n(a)V H]  = n(q)Hv  = 0,  i.e.,  tt(9)  = 0.  Thus,  z{p)  = 
7r(e)  - n(q)  = IHw. 


55 


(ii)  =>  (iii)  : Let  xp  = V*irV  £ Fh(p)  and  assume  ir(p ) = IHir.  Then,  xpu(p)  = 
F*7r(u)*7r(p)7r(u)V  = V*i r(u*u)V  = V*V,  hence  xf>u  £ FH(p). 

(iii)  =>  (i)  : Let  Fc{p)  :=  Pp,i(p),  then  Fc(p)  is  the  projective  face  of  Q(M)n 
corresponding  to  F//(p)  (Proposition  4.3).  Let  xp  = V*nV  £ Fh{p).  Then,  by 
Proposition  1.5,  for  any  one  dimensional  projection  P on  H, 

PxpP  = PV*7rwFP  = u){-)P  £ Fh,i(p ) with  u>  £ Fc{p) 

where  7 rw  = 7r| [„(M)VPH]  1S  a cyclic  representation  corresponding  to  u.  Then,  by 
assumption  (iii), 

w(ti*(-)u)P  = PVrVu,(n)*7rw(.)7ru,(u)VP  6 FH,i(p). 

Considering  the  equivalence  class,  we  conclude  that  Fc(p)  is  invariant  under  the 
operation 

w e Fc(p) ' — * u >(u*(-)u)  £ Fc(p). 

By  [2;  Prop. A. 2],  it  follows  that  Fc(p)  is  a split  face  of  Q(M)n , hence  p is  a central 
projection.  This  completes  the  proof.  | 

The  following  CP-split  decompositions  will  be  used  in  the  later  chapters. 

COROLLARY  4.6.  Let  M be  a W*-algebra  and  H be  a Hilbert  space.  Then 
we  have  the  following  CP-direct  sum  decompositions. 

(0  Qh(M)  = Qh(M)u  ©cp  Qh(M)s  where  QH(M)3  :=  ( QH(M)n )' . 

(H)  Qh(M)ti  = Qh(M )*  ©cp  Q//(M)"e  where  QH( M)en  :=  CP  - conv 
Ptf(M)n,i  With  Pp(M)„,  1 = Ph(M)  n QH(M)n  and  QH(M)"e  := 
(QH(Myny. 
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(in)  QH(M)n  = QH(MYnb®cpQH(M)nnab  where  QH(M)anb  :=  {V>  = € 

Qtf(A/)„;7 r is  of  type  1 1}  and  QH(M)*ab  :=  {V>  = VW  G Q//(A7)„;tt 
has  no  type  Ii  part}. 

PROOF:  (i)  : Let  ip  = V*irV  € Q//(M)n.  Let  7f  be  the  canonical  extension  of 

7r  to  M** , and  let  ip  :=  € Qh(M)  = Q//(A7**)n.  Then,  for  any  unitary  u 6 

A/**,  7r(u)*7T7r(u)  is  normal  for  M,  so  0U  = V*n(u)*Tr  it(u)V  € Hence, 

by  Proposition  4.5  (iii),  Qh(M)u  is  a split  face  of  Qh(M).  Qh(M)s  — (Qh{ A7)„)' 
is  the  complementary  face  of  Q//(A7)„. 

(ii)  : Let  ip  € <5//(A7)®  , i.e.,  ip  can  be  written  S*ipQSQ  where  ti>Q  = 

€ -P//(Af)n,i  and  5a  6 B(H , ff,ra  ) such  that  S*SQ  < 7//-  Then,  for  any 

unitary  u € M,  (ipa)u  = V^ir0(u)*7ra  7ra(u)Va  6 T*//(A7)n,i  since  7ra(u)*7ra  7 ra(u)  6 
7rr(A/)„.  Hence  V’u  = ‘S’o(V,a)u‘5’a  £ <3//(A7)®  , and  we  can  apply  Proposition 

4.5  (iii). 

(iii)  : Let  ip  = V*nV  £ Qh(M)“6,  i.e.,  7r  is  of  type  7j.  Then,  for  any  unitary 
u € A/,  7r(ti)*7r  7r(ti)  is  of  type  I\,  so  we  apply  Proposition  4.5  (iii).  | 

DEFINITION  4.7.  In  the  CP-direct  sum  decomposition  of  Corollary  4.6.  we 
define  the  CP-split  faces 

(i)  Qh{ M)n  [resp.  Qh(M)s]  to  be  the  normal  [resp.  singular  ] part. 

(n)  Qh( A7)*  [resp.  Qff(AI)"eJ  to  be  the  elementary  [resp.  non- elementary  ] 
part. 


(in)  Qn(M)anb  [resp.  <2//(A7)”a6/  to  be  the  abelian  [resp.  non-abelian  [part. 
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Remark.  The  elementary  [resp.  non-elementary]  part  in  the  normal  CP-state 
spaces  in  (ii)  corresponds  to  the  atomic  [resp.  non-atomic  } part  in  the  state  spaces, 
(i)  and  (iii)  are  direct  analogs  of  the  scalar  theory. 

We  next  consider  the  duality  between  the  ideal  structure  of  the  algebra  and 
the  CP-facial  structure  of  the  CP-state  space. 

DEFINITION  4.8.  Let  A be  a C*-algebra,  M be  a W*-algebra , and  H be  a 
Hilbert  space.  We  use  the  following  notations  for  the  annihilators  of  subsets  B C .4, 
N C M,  F C Qh(A)  andGC  QH(M)n  ; 

B ± :=  {xp  E Qh{A)\  xp(a)  — 0 for  edl  a £ B} 

N±  :=  {xp  6 QH{M)n\xp(a)  = 0 for  all  a € N} 

±F  :=  {a  € -4;  xp(a)  = 0 for  all  xp  £ F) 

±G  :=  {a  € M;  xp(a)  = 0 for  all  xp  £ G} 

(Note  the  place  of  1,  e.g.,  {p}j.  = F//(e  - p ) for  p 6 V(M).) 

We  also  define , for  any  projective  face  Ff[(p),  the  left  [resp.  right,  and  two 
sided ] annihilators  of  p 6 M; 

XFh(p)1  ■■=  {a  € ±F//(p);  ap  = 0}  = {a  E M;  ap  = 0} 

±Fh(pY  :=  {a  E ±Fh(p)]  pa  = 0}  = {a  E M;  pa  = 0} 

XFH{p)lr  :=  {a  E ±F//(p);  ap  = pa  = 0}  = {a  E M;  ap  = pa  = 0} 


Similarly,  we  define  j _FH(p)1 , ±FH(p)r  and  ±FH(p)lr  as  subsets  of  A for  p E V(A**). 
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Recall  that  every  weak*-closed  left  [resp.  right]  ideal  7 of  a W*-algebra  M is 
of  the  form  I = Mp  [resp.  I = pM]  for  some  p € V(M),  and  every  weak*-closed 
order  ideal  J of  M is  of  the  form  J = pMp  with  p € V(M).  (This  is  implied  in  [30], 
[60].  Here  we  call  J C M an  order  ideal  of  M if  Jsa  is  an  order  ideal  of  Msa  in  the 
order  M+).  The  following  theorem  gives  the  duality  between  these  ideals  and  the 
CP-projective  faces  Fh(p)- 

THEOREM  4.9.  Let  M be  a W*-algebra  and  H be  a Hilbert  space  with 
dimH  > qc(M)„.  Then  there  exist  one  to  one  correspondences  between  the  weak*- 
closed  left  [resp.  right]  ideals  Mp  [resp.  pM],  the  weaJc*-closed  order  ideals  pMp 
and  the  projective  faces  Fn{p)  such  that 

FH(e  - p)  = (Mp) ± = (pM)±  = (pMp)± 


and 


More  specifically, 


±Fn(e  — p)  = Mp  -f  pM. 


Mp  = ±FH(e-p)1 
PM  = ±FH(e-p)r 
pMp  = Mp  n pM  =±  Fn(e  — p)lr 

= AB(Fh(p),  B(H))  (*-isomorphism). 


If  p is  a central  projection,  then  the  above  three  ideals  coincide  as  the  weak*-closed 
two  sided  ideal  Mp  = pM  = pMp,  which  corresponds  to  the  CP-split  face  Ff{(p). 
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PROOF:  It  is  obvious  that  ( Mp)±  C {p}jl  = Fn(e  — p).  Conversely,  if 

V’  = V*ttV  € Fn(e  — p ),  then,  by  Proposition  4.3,  imV  C kenr(p),  so  t/>(ap)  = 
V*n(a)n(p)V  = 0 for  all  a € M,  i.e.,  ip  € (Mp)±.  Hence,  Fn(e  - p)  = (Mp)x- 
Similarly,  we  can  show  F//(e  — p)  = (pM)±  = ( pMp)± . 

It  is  clear  that  ±F/f(e  — p)  D Mp  + pM . Conversely,  let  a e1-  Fu(e  — p).  By 
Proposition  4.3,  ip  € F//(e  — p)  is  expressed  as  ip  = <pe_p  — V*7r(e  — p)7r(-)7r(e  — p)V 
for  p = V*itV  G so  we  have 

v{a)  = <pe_p(a)  = F*7r(e  - p)7r(a)7r(e  - p)V  = V*n{{e  - p)a(e  - p))V  = 0. 

Since  p = V*t:V  € Q//(M)n  is  arbitrary,  by  the  CP-duality  theorem  for  M (Theo- 
rem 2.2.B),  we  conclude 

(e  — p)a(e  — p)  = 0. 

Hence,  upon  introducing  a\  :=  ap  — \pap  and  a2  :=  pa  — |pap,  we  have 
«i(e  — p)  = (i!  - aip  = 0 and  (e  - p)a2  = a2  - pa2  = 0, 

i.e., 

a = a\  + a2  with  a \ = a\p  and  a2  = pa2, 

from  which  we  conclude  a € Mp  + pM.  Hence,  -LF//(e  - p)  = Mp  + pM. 

The  equalities  Mp  =-*-  FH(e-p)l,pM  =±  FH(c-p)r  and  pMp  =-*-  FH{e-p),r 
are  immediate  from  the  definition. 

To  show  the  ^-isomorphism  pMp  = AB(Fh(p),B(H)),  we  prove  that  the 
evaluation  map 


i:PMp^AB(FH(p),B(H)), 
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is  bijective. 

We  first  show  that  i is  injective.  Indeed,  if  <pp(pap)  = 0 for  all  <pp  G Fy[(p) 
with  <p  = V*ixV  G Qh(M)„,  then  V* Tr(p)Tr(pap)Tr(p)V  = V*n(pap)V  = ip(pap)  = 0 
for  all  <p  € Q//(M)n,  hence  pap  = 0. 

We  now  show  that  i is  surjective.  Define 

$//(p)  : <P  = V*ttV  G Qw(M)n  i-upp  = V*tt(p)tz(-)tt(p)V  € FH(p), 

which  is  obviously  a CP-affine  map,  and  define  its  CP-dual 

$ h(p )*  : 7 G B(H))  — > 7 o $„(p)  G 

We  note  that  $//(p)e  is  injective,  since  is  surjective  (cf.  Proposition  4.3). 

From  the  CP-duality  M = AB(Q h(M)u,  B(H))  (Theorem  2.2),  we  can  set  ^//(p)11 
(7)  = 7 0 <MP)  = "*7  € M.  Then,  for  any  <p  G <2//(M)n, 

$h(p)1,(7)(‘P)  = (7  0 <Mp))(‘P)  = (70  <Mp)2)(<p) 

= (7 0 <Mp))(*//(p)(<p))  = ^(p)11^)^/*  (p)(<p))> 

and  letting  here  <p  = F*7rF,  we  have 

V*n(m1)V  = F*7r(p)7r(m7)7r(p)'P, 

so  that 

<^(m7)  = ^(pm7p)  for  all  9 G Qh{M)u, 
which  implies  m7  = pm7p.  Hence,  for  any  ip  G FH(p),  noting  that  ip  = $H(p)ip, 

y(xp)  = 7(^>//(p)(V’))  = ip(my)  = i/>(pm7p)  = i{pmyp)(xp). 
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Hence  i is  surjective. 

If  p is  a central  projection,  then  Mp  = pM  = pMp  is  a two  sided  ideal,  and 
by  Theorem  4.2,  Fh(p ) is  a CP-split  face.  This  completes  the  proof.  | 

Remark.  It  follows  from  the  above  isomorphism  that  there  exists  one  to  one 
correspondence  between  the  idenpotent  maps 

&ff(p)  : <P  € Qh(M)u  ' — ♦ € FH(p ) 

: m £ M i — > pmp  £ pMp 

and  the  images  $h(p)(Qh{M)„  ) = FH(p)  and  <$>H(p)\M)  = pMp  are  in  the  CP- 
dualitv 

pMp  = AB(Fh(p),  B(H))  (*-isomorphism), 
which  generalizes  Alfsen-Shultz’s  duality  in  [7;Prop.  1.10]. 

Let  I be  a left  [resp.  right]  ideal  of  a C*-algebra  A,  then  I*  :=  {a*;  a £ 1}  is 
a right  [resp.  left]  ideal  of  .4,  and  / fl  I*  is  an  order  ideal  of  A.  The  following  is  the 
C*- version  of  Theorem  4.9. 


THEOREM  4.10.  Let  ,4  be  a C*-&lgebra  and  H be  a Hilbert  space  with 
dimH  > ac(A).  Then , there  exists  one  to  one  correspondences  between  the  closed 
left  [resp.  right]  ideals  I [resp.  I*]  of  A,  the  closed  order  ideals  IDI*,  and  BW-closed 
CP-projective  faces  FH(q ) with  closed  q £ V{A**)  such  that 

FH(q)  = ^ = {F)±  = {InF)±  and  ±FH(q)  = I + I* 

More  specificcdly, 


1 = ±FH(q)‘, 


I*  = ±FH(q)r 


and  I D I*  = ±FH(q)lr. 
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If  p = e — q £ A,  then  we  have 

I D I*  = pAp  = AC(Fn{p),  B(H ))  (*-isomorphism) 

In  particular , each  closed  two  sided  ideal  J corresponds  to  the  BW-closed 
CP-split  face  Fn{q)  with  central  projection  q £ V(A**)  such  that 

i'tf(g)  = J±  and  ±FH(q)  = J 

and  we  have  the  isomorphisms,  with  p = e — q, 

J = AC(Fh(p),  B(H ))  and  A/  J * AC(FH(q),  B(H)). 

PROOF:  Let  I be  a closed  left  ideal  of  A.  Clearly  the  face  I1-  is  BW-closed. 

hence  by  Corollary  4.4,  there  corresponds  a closed  q £ V(A**)  such  that  /-*-  = 
Ff{(q).  Clearly,  (7*)_L  = I^  = Fn{q).  It  is  obvious  that  (7  D /*)-*-  D 1^.  To  see  the 
converse  inclusion,  if  ifr  = 0 on  I fl  I*  for  xp  £ Qh(A ),  then  xp  = 0 on  the  left  ideal 
generated  by  / fl  I*,  which  equals  I.  Hence,  (7  flT*)1  = Z1  = Fniq). 

It  is  obvious  that  ±Fn(q)  D 7 + 7*.  On  the  other  hand,  by  Proposition 
4.9.  ^Fniq)  = A**p  + pA**  with  p = e - q,  so  ±Fn{q)  = A**p  fl  A + p.4**  D A. 
Set  7'  = A**p  fl  A , then  7'  is  a left  ideal  of  A,  and  clearly  I'  D 7.  Noting  that 
I±  = Tfl(tf)  = ( A**p)±  C (7')x  C 7-1,  we  have  ( 7 ,)-L  = 7 x so  that  7'  = 7 (by 
Hahn-Banach’s  theorem).  We  proved  A**p  D A = I and  pA**  D .4  = 7*,  so  that 
±Fh(  q)  = 7 + 7*. 

It  is  now  straightforward,  from  definition,  that  7 = ± Fniq)1  and  7*  = 


rFH(q)r,  and  7D  7*  = ±FH(q)lr. 
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Assume  p = e — q 6 A,  or  equivallently  both  Fn(p)  and  Fn{q)  are  BW- 
closed  (cf.  Corollary  4.4).  Then,  from  the  arguments  above,  I fl  I*  = ( A**p  fl 
pA*m ) fl  .4  = pA**p  D.4  = pAp.  We  have  already  shown,  in  Theorem  4.9,  pA**p  = 
AB(Fh(p),  B(H))  (^-isomorphism).  Obviously,  with  pAp  considered  as  a subset  of 
pA**p,  the  evaluation  map 

i:lnr=pAp-+  AC(Fh(p ),  B(H)) 

is  injective.  We  claim  that  i is  surjective.  We  note  that  $h(p)  ■ € Qh(A)  — * 

<pp  € Fn{p)  is  a BW-continuous  CP-affine  map  since  p € A,  so  that,  for  7 € 
AC(Fu(p),  B{H)),  4>h(p)H 7)  — 7 0 $h(p)  £ AC(Qh{A),B(H)).  Hence,  from  the 
CP-duality  A = AC(Q h(A),  B(H))  (Theorem  2.2),  by  the  same  arguments  as  in 
the  proof  of  Theorem  4.9,  we  can  set  $//(p)H 7)  € m7  E A,  and  we  can  show  that 
7(V0  = f°r  all  0 6 Fn(p),  which  proves  that  i is  surjective. 

If  J is  a two  sided  ideal,  then  J — J*,  so  Fn(q)  = J1-  and  j _Fn{q)  = J. 
By  bipolar  theorem,  xFH(q)  = J°°  = a(A**,A*)  - cl.  J = J**.  Since  J is  a two 
sided  ideal,  so  is  ^-Fniq),  then  by  Theorem  4.9,  FH{q)  is  a CP-split  face.  Further, 
by  Theorem  4.9,  ±FH(q)  = A**p  “ AB{FH{p),  B{H))  with  p = e - q.  Hence 
FH(p)  is  identified  with  = Qh{J),  and  we  have  J = AC(FH(p),  B{H)) 

where  we  equip  Fn{p)  with  the  BW-topology  defined  for  J.  Clearly,  A/ J = 
AC(Qh(A).  B(H))/ j_F//(<7)  = AC(Fn(q),  B(H)).  This  completes  the  proof.  | 

We  can  generalize  our  earlier  observation  of  the  duality  between  the  ideal 
structure  of  C*-  and  W*-algebras  and  CP-facial  structure  of  the  CP-state  spaces 
to  JC-algebras.  We  employ  the  same  definitions  and  notations  as  in  the  C*-algebra 
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case  to  define  the  corresponding  concepts  for  JC-algebras.  We  however  need  to 
introduce  the  concept  of  (norm)  exposed  CP-face.  A norm  closed  CP-face  Fu  of  a 
CP-state  space  is  defined  to  be  (norm)  exposed  if  Fq  :=  Fh,i  is  a (norm)  exposed 
face  of  the  corresponding  state  space. 

For  the  standard  theory  of  JB-algebras,  we  refer  to  [5],  [7],  [8],  [45],  and 
[67];  the  essential  features  of  this  theory  are  summarized  in  Appendices  3 and  5. 
Recall  that  a P-projection  Up  for  a JBW-algebra  M is  an  idempotent  map  defined 
by  Up  : a 6 M *-*  {pap}  = 2p  o (p  o a)  — p o a for  all  a 6 M where  p is  an 
idempotent  element  of  M (i.e.,  p2  — p),  which  satisfies  imUp  = kerUe-p  and 
her  Up  = imUe-p.  If  the  algebra  is  special,  then  the  Jordan  triple  product  {pap} 
is  reduced  to  the  operator  product  pap , so  that  Up{a)  = pap  for  all  a € M.  For  a 
JBW-algebra  M,  the  projective  face  Fc(p)  in  the  quasi  state  space  Q(M)n  is  given 
by  Fc{p)  = imU ; n Q(M)n  = {ue  Q{M)n-u(p ) = IMI). 

We  first  generalize  Theorem  4.2  as  follows. 

THEOREM  4.11.  Let  M be  a JW-algebra  and  H be  a Hilbert  space.  Then 
there  exists  a one  to  one  correspondence  between  the  set  U(M)  of  all  idempotent 
elements  of  M and  the  class  Fh{M)  of  all  norm  exposed  CP-faces  of  Q h ( -V/ ) „ ■ The 
correspondence  is  given  by 

p € U(M)  ♦— * fh(p)  = {V>  = VpV  € QH(M)n-,iP(p)  = V*V}  6 FH(M) 
where  central  idempotent  elements  are  mapped  onto  CP-split  faces. 

PROOF:  It  is  straightforward  that  Ffj(p)  is  a norm  exposed  CP-face  of 

Qh(^- On  since  the  corresponding  one  dimensional  face  Fc  :=  Fh,i(p)  is  norm 
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exposed  (cf.  [5;Prop.  2.15]).  Conversely,  if  Fh  is  a norm  exposed  CP-face  of 
Qh(M)»,  then  Fc  is  a norm  exposed  face  of  Q(M)n,  hence  by  [5;  Prop.  6.2]  it  is 
projective,  i.e.,  there  exists  an  idenpotent  element  p £ U{M)  such  that  Fc  = {u;  £ 
Q(M)n-,u(e  — p)  = 0},  from  which  it  follows  that  Fh  = {ip  £ Qtf(M)n;^(e  - p)  = 

0}  = Fh(p). 

Next  we  assume  that  p = c is  central  (cf.  Appendix  3).  Then  any  xp  = V* pV  £ 
Q//(M)n  is  decomposed  as 

ip  = xpc  + ipe-c  where  xpc  = V*  p(c)  o p(-)  V £ FH(c) 

and  ipe-c  = V* p(e  - c)  o p(-)  V G FH(e  - c). 

We  will  show  that  this  decomposition  is  unique.  Indeed,  let  xp  = xp\  +tp2  be  another 
decomposition  with  xp\  £ F//(c)  and  V>2  € F//(e  — c).  Then,  for  any  one  dimensional 
projection  P,  (PrpiP)~  G Fc(p)  and  (Pt/^P)'  € Fc(e  — c).  We  note  (cf.  [5])  that 
Fc(c)  = im  U*  D Q(M)n  = ker  U*_c  n Q(M)n  and  Fc(e  - c)  = im  U*_c  fl  Q{M)n  = 
kerU*  fl  Q(M)n  where  Uc  is  the  P-projection  corresponding  to  c £ U(M),  i.e., 
Uc(a)  = c o a for  all  a £ M.  We  then  have 

Ut(Prl’P)  = U*(PipiP)  + U:(PxP2P)  = PxP1P 
u:_c{Pipp)  = u:_c(Pxp,p)  + u*_c(Pxp2p)  = Pxp2p . 

Hence,  for  any  a £ M, 

Pr/>i(a)P  = Pip(Uc(a))P  = PiP(c  o a)P  = PF>(c)  o p(a)  FP 
Pxp2{a)P  = Pip(Ue-c(a))P  = Pxp((e  - c)  o a)P  = PV*p(e  - c)  o p(a ) FP. 
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Since  a G M is  arbitrary  and  P is  any  one  dimensional  projection,  we  have 

01  = V* p(c)  o p(-)  V and  02  = V*  p(e  — c)  o />(•)  V 

which  proves  the  uniqueness  of  the  decomposition. 

We  note  that  every  CP-split  face  Fh  is  norm  exposed  since  its  corresponding 
one  dimensional  face  Fc  = Fh ,1  is  a split  face,  so  norm  exposed.  This  completes 
the  proof.  | 

We  have  characterizations  of  CP-projective  faces  similar  to  those  proved  in 
Proposition  4.3  in  the  C*-algebra  case. 

PROPOSITION  4.12.  Under  the  condition  of  Theorem  4.11, 

FH(p)  = {0  = V*pV  G QH(M)n;  0(p)  = V*V) 

= {0  = V* pV  G imV  C im(p(p ))  = ker  (p(e  - p))} 

= {0  G Qtf(M)n;0(e  - p)  = 0} 

= {rp  e QH(M)n-,(P^Py  e Fc(p),P  is  a one  dimensional  projection  onH } 
= {0  = ip  = V*pV  € QH(M)n,  vP  ■=  V'p  oUpV  = V* p(p)p(-)p(P)  V } 

Proof:  Since  the  proof  goes  in  parallel  as  in  Theorem  4.3,  we  just  prove 

the  last  equality.  We  note  that  every  0 = V* pV  6 Fn(p)  can  be  written  in 
the  form  0 = 0P  = V* p o UPV . In  fact,  since  p(M ) is  special,  p o Up(a ) = 
p{{pap})  = p(p)p(a)p(p)  for  all  a G M,  and  since  p(p)f  = £ for  all  £ G VH , we 

have  0p(a)  = V* p{p)p{a)p(p)V  = V*p(a)V  = 0(a)  for  all  a G M.  Hence,  0 = 0p. 

Clearly  y?p  G FH{p ) for  all  tp  G Qh(M)u  since  <pp(e  — p)  = 0.  | 
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Now,  Proposition  4.5  is  generalized  as  follows. 

PROPOSITION  4.13.  Let  M be  a JW-algebra  and  H be  a Hilbert  space . and 
let  Fh(p ) be  a CP-projective  face.  Then , Ffj(p)  is  a CP-split  face  of  Q//(A/)n  if 
and  only  if  one  of  the  following  equivalent  conditions  is  satisfied. 

(i)  p is  a central  idempotent. 

(ii)  For  any  ip  = V* pV  G FH(p),  p{p)  = Ih„- 

(iii)  For  any  ip  = V* pV  G Fh(p),  and  for  any  symmetry  s G M ( i.e.,s 2 = e), 

ips  = V'(p  0 Us)  V = V*p(s)p(.)p(s)  V € Fh(p) 

PROOF:  From  Theorem  4.11,  Fn(p)  is  a split  face  if  and  only  if  p is  a central 

element. 

(i)  =>  (ii)  is  shown  by  the  same  argument  as  that  used  in  Proposition  4.5. 

(ii)  =>(iii)  : Let  ip  = V* pV  G Fh{p)-  Since  p(p)  = i//p, 

0a(p)  = V*p(Us(p))  V = Vr*p({sps})  V = V* p(s)p(p)p(s)  V 
= V*p(s2)V  = V*p(e)  V = V*V. 

(iii)  =>  (i)  : Assume  Fh(p)  is  invariant  under  the  operation  ip  = V*pV  t-+  ips  = 

V*(p  oUs)V  for  every  symmetry  s.  Then,  Fc(p)  = FH,i{p)  is  invariant  under  the 
operation 

w G Fc(p)  i — > u{Ua(-))  G Fc(p), 

so  that 

u;(imu;)cim  u; 


and  U3(imUp)°  c (imU‘)°. 
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Since  ( imU*)°  = kerUp  = imUe-p,  the  last  inclusion  implies  Us(imUe-p ) C 
imUe-p.  We  note  the  duality  imUp  = ( imU '*)*  ([7;Prop.  1.10]),  and  the  fact  that 
U3  is  a positive  map  (e.g.[8;Prop.2.7j)  with  \\US\\  = 1 (since  U3(e)  = e),  we  conclude 

U:(Fc(p))  C Fc(p)  and  U;(Fc(e  - p))  C Fc(e  - p) 

We  note  here  that,  since  s is  a symmetry,  U3  is  an  automorphism  (e.g.,[45;  2.8.6]), 
so  U3(p)  is  an  idempotent.  Hence, 

^(Usip))  = 1 for  all  u G Fc(p ) 
u(U3(p))  = 0 for  all  u>  e Fc(e  - p) 

Recall  from  [5]  that 

p = inf{a  €E  M;  0 < a < e,  a = 1 on  Pc(p)} 

= sup{6  G M;  0 < b < e;  6 = 0 on  Fc(e  — p)}, 

from  which  we  conclude  Us{p)  > p and  Ua(p)  < p,  i.e.,  U3(p)  = p.  This  implies  that 
p is  invariant  under  Us  for  all  symmetry  s € M,  which  is  equivalent  to  asserting 
that  p is  central  ([8;Lemma  5.3]).  | 

COROLLARY  4.14.  Let  M be  a JW-algebra  and  H be  a Hilbert  space.  Then, 
we  have  the  following  CP-split  decompositions. 

(i)  Qh(M)  = Qh{M)u  ©cp  Qh(M)s  where  Qh(M)3  :=  (QH(M)n)'. 

(H)  QH(M)n  = QH(M)en  ©cp  QH(M)*e  where  QH(M)en  :=  CP  - conv 
Ph{M)uA  with  PH(M)ntl  = Ph(M)  D QH(M)n  and  QH{M)”e  := 

( Qh{MYJ . 
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PROOF:  The  arguments  are  parallel  to  those  used  in  Corollary  4.6. 

(i)  : We  just  note  that,  for  any  ip  = V*pV  € Q//(M)n,  ipa  = V*p(s)pp(s)V  £ 
Qh{M)ti  for  all  symmetry  s £ M**,  where  ip  and  p denote  the  canonical  extensions 
of  ip  and  p to  A**.  We  then  apply  Proposition  4.13  (iii). 

(ii)  : For  any  symmetry  s £ M,  Us  is  a Jordan  automorphism.  Then,  p is 
irreducible  if  and  only  if  p o Ua  is  irreducible.  Hence,  by  Prop.  3.9,  Qh{M)  n is  U ; 
invariant.  | 

DEFINITION  4.15.  According  to  the  CP-direct  sum  decomposition  of  Corol- 
lary 4.14 . we  define 

(i)  QH(M)n  [resp.  Qh{M)s]  to  be  the  normal  [resp.  singular  ] part. 

(H)  Qh(M)‘  [resp.  Q//(Af)££j  to  be  the  elementary  [resp.  non- elementary  ] 
part. 

Remark.  The  normal- singular  decomposition  of  the  dual  spaces  of  JBW- 
algebras,  and,  as  its  applications,  the  topological  properties  of  the  dual  spaces  of 
JBW- algebras  were  studied  in  [36]. 

The  following  theorem  is  a direct  extension  of  Alfsen-Shultz  [7;  Prop.  1.10]  and 
Shultz  [67:Lemma  2.1]. 

THEOREM  4.16.  Let  M be  a JW-algebra,  H be  a Hilbert  space  with  dimH  > 

1 *c(Jf)n  and  let  p £ U(M).  Then  there  exists  one  to  one  correspondence  between 
the  weak*-closed  order  ideal  UP(M)  = {pMp}  and  the  projective  face  Fh(p ) such 
that 


FH(e-p)  = UP(M)± 


and  ^Fnie  - p)  = UP(M ) 
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and 

UP(M)  = AB(Fh{p),  B(H)sa)  (Jordan  isomorphism ) 

where  each  weak*-closed  Jordan  ideal  J corresponds  to  the  CP-split  face  Fh{c) 
with  central  c G U(M),  and  J = UC{M)  = c o M . 

PROOF:  Clearly,  UP(M)±  C {p}_L  = Ftj(e  — p).  Conversely,  if  xp  G F//(e—  p), 

tp  = xl>e-p  = xpo  Ue-p , so  ip  o ( Up(M ))  = rp((Ue-p  o Up)(M ))  = 0,  i.e.,  FH(e  - p)  C 
UP(M)± , hence  FH(e-p ) = UP{M)±. 

It  is  obvious  that  Fnie-p)1-  D UP(M).  Conversely,  F/zCe-p)-1  C Fc(e-p)x  = 
UP(M),  so  FH(e  — p)x  = UP(M). 

For  the  isomorphism,  consider  the  following  diagram: 

UP(M)  AB(FH(p),B(H)aa) 

jp 

Ab0(Fc(P),  R) 

where  ip  and  jp  are  defined  similarly  as  i and  j in  the  proof  of  Theorem  3.7.  and 
kp  denotes  Alfsen-Shultz’s  duality  ([5]).  We  can  apply  the  same  arguments  as  in 
the  proof  of  Theorem  3.7  to  the  JW-algebra  UP(M)  to  conclude  that  ip  is  a Jordan 
isomorphism.  | 

We  can  generalize  Theorem  4.10  as  follows. 

THEOREM  4.17.  Let  A be  a JC-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(A).  Then,  there  exists  one  to  one  correspondence  between  the  closed 
order  ideal  I of  A and  the  BW-closed  CP-projective  face  Fn(q)  such  that 
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FH(q)  = 1^  and  ±FH(q ) = I 
If  p = t — q £ A,  then  we  have 

/ = UP(A)  = AC(FH(p),  B(H)3a) 

In  particular , each  closed  Jordan  ideal  J corresponds  to  the  BW-closed  CP-split 
face  Fn(q)  with  central  idenpotent  q £ U{A**),  p = e — q,  such  that 

J * AC(F„(p),B(H)aa)  and  A/J  AC(FH(g),  B(H)aa) 

PROOF:  Since  I C A,  I1-  is  BW-closed  CP-face,  so  that  I1-  = Fn(q)  for  some 

closed  q £ U(A**).  Set  I'  :=j_  Ftf(q),  then  I'  is  an  order  ideal  of  A,  and  clearly 
/'  D I , hence  we  conclude  1 = 1'  (using  Hahn-Banach’s  theorem),  so  ±Fn(q)  = /• 

Let  p = e - q £ A.  By  Theorem  4.16,  UP(A**)  = LFn{q)  = AB{Fh(p ), 
B{H)sa).  Since  p £ .4,  by  the  similar  arguments  in  Theorem  4.10,  UP(A)  = I = 
AC(FH(p),  £(#)„). 

If  J is  a closed  Jordan  ideal,  J**  is  a w*-closed  Jordan  ideal,  so  that  J**  is  of  the 
form  UP(A**)  for  some  central  p £ U(A**)  (cf.  [67;  Lemma  2.1]).  To  show  the  iso- 
morphisms, let  q = e — p,  then  by  the  bipolar  theorem  and  Theorem  4.16.  ■LFfj(q)  = 
J°°  = cr(A**,A*)  cl.  J — J**  = UP(A**)  = AB(Fh(p),  B(H)sa).  Hence  we  can 
identify  Q//(J**)„  = Qh{J)  = Fu{p)  and  we  have  J = AC(Fh{p),  B(H)aa)  where 
we  consider  that  FH(p)  has  the  BW-topology  for  J.  Clearly,  A/J  S AC(FH(q), 


B(H),a).  | 
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Remark.  In  the  above  arguments,  the  basic  concepts  of  Alfsen-Shultz’s  duality 
between  unital  JB-algebras  [resp. JBW-algebras]  and  their  state  spaces  [resp.  normal 
state  spaces]  were  generalized  to  a duality  between  non-unital  JC-algebras  [resp. 
JW-algebras]  and  their  CP-state  spaces  [resp.  normal  CP-state  spaces]  with  the 
following  one  to  one  correspondence, 

p e U(M)  <-►  = Up  6 Vh(M)  <->  FH(p)  = im$H(p)  n Qh(M)„  G Fh(M), 

which  is  an  order  isomorphism  as  orthomodular  lattice  induced  from  U{M).  We 
note  again  that,  for  C*-  and  W*-algebras,  our  CP-duality  recovers  the  full  C*- 
structure.  We  will  see  an  advantage  of  this  generalization  in  Chapter  7,  where 
it  will  be  applied  to  formulate  simpler  orientability  conditions,  which  characterize 
C*-structures  among  Jordan  structures. 


CHAPTER  5 


CP-MEASURE  AND  INTEGRATION 

In  this  chapter,  we  develop  the  measure  and  integration  theory  inherent  to 
CP-convexity,  which  will  be  applied  in  Chapter  6 to  formulate  the  representation 
theory  for  CP-convex  sets,  i.e.,  a generalization  of  Choquet’s  theorem  in  the  context 
of  CP-convexity. 

To  illustrate  our  motivation,  we  recall  that  a scalar  a-convex  combination 
is  interpreted  as  the  barycenter  of  an  atomic  probability  measure.  In  analogy,  a 
CP-convex  combination  in  the  CP-state  space  of  a C*-algebra  A, 

Sa^c,Sa  where  ipQ  £ Qh(A)  and  SQ  6 B(H)  with  ^ S*Sa  < IH, 

q€A  a€A 

could  be  interpreted  as  a distribution  of  the  weight  of  “effects”  S*(-)Sa  in  the 
sense  of  the  theory  of  operations.  Hence,  in  the  scope  of  the  CP-duality  A = 
AC{Qh(A),B(H )),  we  could  claim  that  ip  be  the  barycenter  of  Qh(B(H))- valued 
measure  if  the  integral  of  the  elements  of  AC(Qh(A),  B(H))  with  respect  to  this 
measure  is  meaningful.  We  thus  realize  that  we  need  to  develop  CP-map  valued 
measure  and  integration  theory.  In  the  following,  we  actually  formulate  the  theory 
for  more  generalized  setting  with  P(A,  Revalued  measure  where  P(A,B)  denotes 
the  set  of  all  positive  operators  between  order  unit  spaces  A and  B,  and  define  the 
inter gral  of  A-valued  strongly  measurable  functions  with  respect  to  this  measure. 
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One  will  find  that  our  integral  is  more  straightforward  than  the  usual  method  in 
vector  measure  theory  in  Banach  spaces  which  uses  the  semi-variation  (cf.  Brooks- 
Dinculeanu  ([20])),  the  latter  being  in  the  direction  of  a generalization  of  Bochner 
integral.  Indeed,  our  integral  can  be  regarded  as  a direct  generaligation  of  (scalar) 
Lebesgue  integral  in  its  construction  due  to  the  order  unit  structure,  which  enables 
us  to  prove  Lebesgue’s  dominated  convergence  theorem.  We  shall  also  discuss  some 
aspects  of  the  integral  of  weakly  measurable  functions.  Since  it  seems  hardly  possible 
to  formulate  the  general  case  for  this  weak  integral,  we  focus  mostly  on  the  particular 
case  where  the  P(A,  B)-valued  measure  is  “BW-absolutely  continuous”  with  respect 
to  a scalar  measure,  which,  combined  with  the  integral  for  strongly  measurable 
functions,  shall  be  enough  for  our  purpose  in  Chapter  6. 

Let  (X,B)  be  a measurable  space,  (A,  e)  be  a (real)  order  unit  space,  and 
(B,  e ')  be  a (real)  dual  order  unit  space,  i.e. , there  exists  a base-norm  space  (5*,  A”) 
such  that  ( B,e ')  = (B„,  A')*,  where  we  denote  the  order  units  by  e in  A and  e'  in 
B respectively,  and  the  base  of  by  K.  (More  generally,  it  shall  be  enough  to 
assume  that  there  exists  an  ordered  real  Banach  space  V in  separating  order  and 
norm  duality  with  B and  that  B is  pointwise  monotone  cr-complete  with  respect 
to  this  duality.)  We  denote  by  S(X,  A)  the  set  of  all  (countable  valued)  simple 
functions  from  X to  A,  i.e.,  / £ S(X,  A)  is  a function  / : X — ► A of  the  form 

OO 

/ = yi  XEi  a,  with  (Et)™ i C B (disjoint)  and  (a,)^  C A, 

!=i 

where  \E  denotes  the  characteristic  function  of  E.  We  denote  by  BS(X , A)  the  set 
of  all  bounded  elements  in  S(X,  A).  It  is  straightforward  to  check  that  BS(X,  A) 
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is  a normed  (real)  linear  space  with  the  sup-norm;  ||/||  :=  sup{||/(x)||;  x € .Y}. 

Let  A be  a P(A,  B)- valued  BW-countably  additive  measure,  i.e.,  A : .Y  — ► 
P(A.B)  is  a map  such  that,  if  E = X^j  E*  with  E{  € B (disjoint),  then  A (E)  = 
X^i  A(£i)  converging  in  the  BW-topology,  i.e.,  for  any  a g A and  p 6 i?«, 
(A (E)a,p)  = P)'  We  first  claim  the  following  lemma. 


Lemma  5.1.  Let  (Ei)^2.l  C B be  disjoint  and  (a,)?^  C A be  a bounded 
sequence.  Then  the  series  X^i  converges  in  cr(B,  Bm)-topology. 

PROOF:  We  first  assume  (a*)  C -4+  and  set  bn  = X^"=i  ^(Ei )a«  f°r  n G N. 

Then  bn  is  an  increasing  sequence  in  B.  We  observe  that 

n n 

bn  < A(£i)||ai||e  < ( sup  MY.  A (Ej)e 

.=i  1^n  ,=i 

n 

= ( sup  M)  A C^Ei)e  < (sup ||a,||)  A(JY)e. 

l<i<n  J=j 

From  this,  ( bn ) is  a bounded  and  increasing  sequence  in  B , hence  it  converges  to 
l.u.b.(bn)  = X)£j  A(£',)at  6 B in  a(B.  B,  )-topology. 

n 

In  case  that  (a,)  C .4  is  more  general,  we  decompose  a,-  = — a|2)  with 

aj^.a-2^  6 *4+,  and  we  define 


(2) 


i=l 


i=l 


«=1 


It  is  straightforward  to  check  that  this  is  well  defined;  indeed  if  a,-  = aj1’  — a|-2) 
- “!2>  where  6 4+  (j  = 1,2),  then  aj1*  +aj2)  = aj1’  + a!21.  hence 


^A(£j)(nl"+a«2>)  = ^A(£i)(a!,,+a'2>), 


1=1 


1=1 
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i.e., 

OO  OO  OO  OO 

E wM" + E A(£'>!2)  = E x(E‘ri1) + E 

1=1  i=i  i=i  i=i 

so  we  have 

OO  OO  OO  OO 

E mv)*!1’  - E A(£.>!2)  = E A(£.)a!1)  - E A(£-)aS2)- 

1=1  i=i  1=1  t'=i 

I 

Remark.  The  above  lemma  holds  if  A is  finitely  additive  at  e. 

We  are  now  ready  to  define  the  integral  of  bounded  simple  functions. 

DEFINITION  5.2.  Let  A : B — *•  P(A , B)  be  a BW-countably  additive  measure 
and  let  f E BS(X,  A)  which  is  expressed  as 

OO 

/ = ^X£;ai  with  ( Ei ) C B ( disjoint ) and  (a*)  C A (bounded). 

t=i 

We  define  the  integral  of  f with  respect  to  A by 

f °° 

f dX:=J2X(Ei)ai  GS, 

i=i 

which  converges  in  a(B , B*)-topology  by  Lemma  5.1. 

Remark.  The  above  integral  is  well  defined,  i.e.,  it  does  not  depend  on 
any  particular  way  of  the  expression  of  / E BS(X,  A).  It  suffices  to  prove  this  for 
/ E BS(X , .4)+  from  the  definition  of  the  integral.  Suppose  that  / has  two  different 
expressions 

OO  OO 

/ = ^ XE.a,  = XFj&j  where  W = U'E1£’,-  = U %xFj  (disjoint) 

<=i  >= i 


and  (a,), (6j)  C A+  (bounded). 
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We  set  Gij  :=  Ei  n Fj  and  ctJ  :=  a,i  = bj  (on  Gij),  where  we  can  assume  without 
loss  of  generality  that  c,y  ^ 0.  Then,  Ei  = Gij  (disjoint)  and  Fj  = 
(disjoint),  so  that,  for  any  p £ (B„)+,  we  have 

oo  oo  oo  oo 

i=l  i=  1 i=l  7=1 

oo  oo  oo 

= DEw0^'"))  = E(A<u£iG^.<>) 

7 = 1 *=1  7=1 

oo 

= (Em.A 

i= i 

noting  that  A is  BW-countably  additive,  and  the  sums  and  3X6  ex‘ 

changable  since  all  terms  are  positive.  Hence,  with  the  duality  B = Ab(N(B)),  we 
have 

OO  OO 

EWIai^AIFilS,, 

:=1  j= 1 

The  proof  of  the  following  lemma  is  immediate  from  the  definition.  This  will 
be  essential  for  defining  the  integral  for  general  strongly  measurable  functions. 

LEMMA  5.3.  The  integral  A (/)  :=  f f dX  for  f £ BS(X,  A)  defined  in  Defi- 
nition 5.2  is  a bounded  linear  map  from  BS(X,A)  to  B with 

P(/)||  = ||  J f d\\\  < ||A||||/||  where  ||A||  = ||A(*)e||. 

We  recall  that  a function  / : X — > A is  said  to  be  strongly  measurable  if  its 
range  f(X)  is  norm  separable  in  A,  and  f~l(Sr(a))  £ B for  all  a £ A and  r > 0 
where  Sr(a)  = {6  £ A;  ||6  - a||  < r}.  We  denote  by  MS(X,A)  [resp.  BMa(X,A )] 
the  set  of  all  strongly  measurable  [resp.  bounded  strongly  measurable]  functions 
from  X to  A.  The  following  fact  is  well  known  (see  e.g.,  [27;  II.  Cor.3]),  however 
we  state  the  proof  here  briefly  for  convenience  of  the  reader. 
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LEMMA  5.4.  BS(X,A ) is  dense  in  BMa(X,  A)  with  the  uniformly  conver- 
gence topology. 

PROOF:  Let  / £ BMa(X,  A),  and  let  (afc)£l j be  a norm  dense  subset  of 

/(.Y).  For  each  n £ N,  we  define  Yk<n>  :=  f~1(S±(ak)  fl  f(X ))  6 B and  set 
X(kn)  :=  Ykn)  \ n)  £ B.  Then,  for  each  fixed  n 6 N,  X[n)  are  mutually 

disjoint  and  .Y  = U^l1JYj[n).  We  then  define  fn  :=  Y^T=  l XY(")  e BS(X,A).  /„ 
converges  uniformly  to  /,  since  for  every  n £ N and  x € X,  there  exists  k £ N such 
that  x £ A'[n)  and  we  have  ||/„(x)  - /(x)||  = \\ak  - /(x)||  < i.  | 

DEFINITION  5.5.  From  Lemmas  5.3  and  5.4,  the  map  A : BS{X,A)  — > B 
has  the  unique  bounded  linear  extension  A to  BMa(X,  A).  We  define  this  map  the 
integration  of  elements  in  BMa(X,  A)  with  respect  to  A,  and  denote  its  image  by 
ff  d\,  i.e., 

A : BS(X,A)  — > B 

i n / 

A : BMa(X,  A) 

(In  the  following,  we  will  use  the  same  A for  this  extension  X.) 

1W  then  define  the  integral  for  unbounded  strongly  measurable  functions  as 
follows.  Let  f £ MS(X,  A+)  and  set  Xn  :=  {x  £ X;  ||/(x)||  < N}.  Then , the 
sequence  (JXn  f dX)^=l  is  increasing,  so  if  it  is  bounded,  then  it  converges,  and  we 
say  f is  integrable  over  X with  respect  to  A and  define 
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If  A is  a complex  vector  space  whose  self-adjoint  part  is  an  order  unit  space, 
then  for  f E MS(X,A),  we  decompose  f = /(1^  — / ^ + i(/*3)  — f^)  where  f E 
Ma(X,  A+ ) for  1 < k < 4,  and  we  say  that  f is  integrable  with  respect  to  X if  all 
/(fc)  are  integrable,  and  define 

[ f dX  :=  f [ f(2)d\  + i([  fwd\-  f f(4)dX). 

Jx  Jx  J X Jx  Jx 

We  denote  by  L\(X,  >1)  the  set  of  all  integrable  functions  in  MS(X,  A)  with  respect 
to  X. 


Remarks.  1.  It  is  obvious  that  the  above  integral  is  linear  with  respect  to 
/ E BMS(X , .4).  We  will  prove  the  linearity  of  the  integral  for  general  / E L\(X,  A) 
later  in  Corollary  5.10. 

2.  We  define  A-null  set  E by  X(E)  = 0 (i.e.,  A(£’)e  = 0).  We  can  define  A-  a.e. 
as  in  the  usual  Lebesgue  integral,  and  we  can  consider  that  L\(X,  .4)  is  the  set  of 
equivalence  classes  with  / (v  g iff  / = g X-  a.e.. 

In  the  remainder  of  this  chapter,  we  assume  that  A is  a real  order  unit  space, 
noting  that  the  generalization  to  the  complex  case  is  straightforward  as  above. 

We  immediately  have  the  uniform  convergence  theorem. 

PROPOSITION  5.6.  Let  (/n)^Li  G L\(X,A)  be  uniformly  bounded  (hence 
C BMS  (X,A))  and  fn~>f  uniformly  A-  a.e.  on  X,  then  Jx  fn  dX  ->  fxf  dX  in 


the  norm  in  B. 
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PROOF:  Note  the  following  inequality; 

II  f fnd\-  f f dA||  = II  f (/„  - /)  cfAII  < / ||/„  - /||e  dX 
Jx  Jx  Jx  Jx 

<ess.  supx6x||/n(z)  -/(x)||  ||A(JY)e||. 

■ 

The  following  proposition  shows  that  the  sequence  in  Lemma  5.4  can  be  chosen 
so  that  it  is  monotone  increasing  if  A is  separable. 

PROPOSITION  5.7.  Let  A be  a separable  order  unit  space  and  let  f G Ms 
(X,  -4+).  Then,  there  exists  a sequence  C BS(X,  A+)  such  that  (fn)^=i  is 

monotone  increasing  and  converges  to  f point  wise.  If  f G BMS(X , .4+ ),  then  (/„) 
can  be  chosen  such  that  fn  Z f uniformly. 

PROOF:  We  first  consider  the  case  / G BM3(X,  .4+).  We  can  assume  without 
loss  of  generality  that  ||/(x)||  < 1 for  all  x G X.  Let  (ak)^L0  be  a dense  sequence 
in  A~f  = {a  G x4+;  ||a||  < 1}  where  we  set  a0  = 0,  and  let  (en)^8_1(0  < en  < 1)  be 
a monotone  decreasing  sequence  which  converges  to  0,  and  we  take  C A+ 

such  that  b(^  G Sfl(a*)  and  0 < b[l)  < ak  {b(0l)  = 0)  . We  define 

Pfc(1)  :=  {a  G A;  a G S€l(ajt)  and  a > 6^}. 

We  first  claim  that  f(X)  C UjijV*1*.  In  fact,  for  iGl  such  that  f(x)  0, 
let 

iy;i|:=s„(/(x))n(/(x)-(^+r). 

Since  (at  ff=l  is  dense  in  A+ , there  exists  some  a*0  G Wx 1 1 which  is  not  empty 
since  f(x)  ^ 0.  If  /(x)  = 0,  we  set  ako  = 0.  It  follows  that  f(x)  G Stl(a*0) 
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and  f(x)  > a.k0  > 6^ , i.e.,  /(x ) G V^\  which  proves  our  claim.  If  we  define 
:=  V'fc(1^\U/<fcV’/1\  which  are  mutually  disjoint,  then  /(X)  C (disjoint 

sum). 

As  the  next  step,  for  each  l G N,  and  a*  6 Ff(1\  we  take  G A+  such  that 
b\2k  G SfJ(ajt)  fl  y/X)  and  6^  < b\2k  < a*,  and  we  define 

Vj(^  :=  {a  G A;  a G S«2(a*)  and  a > b\2k}  fl 

By  the  same  arguments  as  above,  we  can  show  f(X ) fl  C hence, 

by  reordering  V,k  (l,k  = 1,2,  • • • ) and  denoting  them  by  Vm  (m  G N),  we  have 
f(X)  C U~=1v£2).  Defining  t42)  :=  v£]  \ U,<mV/2),  we  get  f(X)  C U~=1t42) 
(disjoint  sum). 

We  continue  the  same  procedure  to  deduce  f(X)  C (disjoint  sum), 

where  for  each  n G N,  Um  * are  mutually  disjoint  Borel  set  induced  from  the  norm 
topology  in  A.  For  each  n G N,  we  define  Xm^  :=  f~l{Um  * fl  f(X))  G B,  then 
X - U-=1A'Ln)  (disjoint  sum),  and  we  set 

OO 

/»  :=  Y.  Xxi."!6™’  e -BS(.Y.X), 

m=l 

where  b\H * denotes  6^  which  was  used  to  define  Vm  ^ 

It  follows  from  the  construction  above  that  /„(x)  is  increasing  for  each  x G X, 
since  if  /(x ) G Um\  which  is  contained  in  some  so  6m  * > 6(n^,_1).  It  is  also 

straightforward  to  see  that  the  convergence  is  uniform  for  x G A,  since  for  each 
n G N and  x G X,  there  exists  m G N such  that  x G Xm  \ i.e.,  /(x)  G Um\  then 
observe  that 


ll/U>  - /„(*)||  = ||/(i)  - 6<m">||  = ||/(x)  - *}“»||  < ||/(x)  - a*||  + ||a*  - ijj'll  < 2e„. 
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It  is  left  to  prove  the  general  case  that  / is  unbounded,  i.e.,  / G M3(X,  A+).  We 
set  :=  {i  £ I;  n — 1 < ||/(z)||  < n}  and  define  /(n)  :=  XYnf  € BMS(X,A+). 
From  our  first  step  just  proved,  we  can  take  a sequence  C BS(X,  A+) 

such  that  fin)  / /<»>  (k  - oo).  Set  fn  :=  fnm)  € BS(X,  A+),  then  /„  / / 

(point  wise).  This  completes  the  proof.  | 

Hereafter,  A is  not  required  to  be  separable.  To  prove  the  monotone  con- 
vergence theorem  and  Lebesgue’s  dominated  convergence  theorem,  we  need  some 
preparations. 

PROPOSITION  5.8.  Let  and  (gj)CjLl  be  increasing  sequences  in  BMS 

(X,A+)  and  suppose  that  lim  fi  = lim  gj  € MS(X,A+)  for  A-  a.e.  on  X.  Then 

i—>  oo  j—+  oo 

lim  / fi  dX  = lim  / <7,  dX. 

l~°°Jx  Jx 

PROOF:  We  can  assume  that  fi(x)  and  gj(x)  ( i,j  = 1,2- ••)  and  h(x)  = 

lim  fi(x)  = lim  gj(x)  are  everywhere  defined  by  neglecting  A-null  set. 

i— ►oo  j— 00 

Let  jo  G J be  fixed.  We  first  claim  that 

lim  [ fi  d\>  f gjo  dX. 

*— 00  Jx  Jx 

To  show  this,  for  any  fixed  e > 0,  we  define 

F,  :=  {z  G X]  fi(x)  > gj0(x)  - eej. 

It  is  clear  that  F,-  /"  X,  since  lim  fi(x)  > gj0(x ) > gj0(x)  — ee  and  note  here  that 

i — >00 

fn(x)  converges  to  f{x ) for  each  x G X in  the  order  unit  norm  of  ^4,  which  is  a 
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direct  consequence  of  Dini’s  theorem  applied  to  A = AC(Q(A),  R).  Hence  it  follows 
from  the  BW-countably  additivity  of  A that  lim  A(X  \ iq)  — > 0 in  BW-topology, 

I—+OO 

i.e.,  for  the  given  e > 0,  and  for  an  arbitrary  p G Bf , there  exists  io  G N such  that 
if  i > io  then  we  have  0 < (X(X  \ Fi)e,p)  < e.  Observe  that 

/ fid\>  f fi  d\>  f (gjo(x)  — ee)  d\ 

J X J F i J F | 

= / 9jo{x)d\-  / gjo(x)  d\  — e I e d\ 

Jx  J X\Fi  J Fi 

> [ gJO(x)d\-\\g}0\\\(X\Ft)e-e\(X)e. 

Jx 

So,  for  any  p G B+  and  i > io, 

(/  fid\-  f gj0  d\,p)  > — «( Hfl'jo ||  + ||A||). 

Jx  Jx 

Since  e > 0 is  arbitrary,  we  have  shown 

lim  / fi  d\  > / gjo  d\, 

Jx  Jx 

which  was  our  claim  in  the  beginning  of  the  proof. 

We  next  let  jo  — » oo,  and  get 


lim  / f,d\>  lim  / o,  d\ 

Jx  00  Jx 


By  symmetry,  we  have 


lim  / f,  dX  < lim  / g}  dX, 

»— 00  Jx  Jx 


hence  we  have  proved  the  proposition.  | 
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The  monotone  convergence  theorem  is  an  immediate  consequence  of  the  above 
proposition. 

COROLLARY  5.9.  Let  (/n)^L I C BMS{X,A)  be  a monotone  increasing  se- 
quence which  converges  to  f € M3(X,A ) (A-  a.e.j,  then 

lim  J fn  d\  = J f dX 

PROOF:  We  can  assume  f > 0.  If  / € A+),  set  gj  = f for  all  j 6 N 

in  Proposition  5.8.  If  / is  unbounded,  set  gj  = xx,  f with  Xj  = {x  G X;  ||/(x)||  < j } 
in  Proposition  5.8.  | 

Remark.  From  this  corollary,  if  A is  a separable  order  unit  space,  we  could 
define  the  integral  of  / G MS(X,  A+)  by  the  limit  lim  f /„  dX  where  (/„)  C 

n— *oo 

BS(X,  A+)  is  the  increasing  sequence  of  Proposition  5.7  if  the  limit  exists. 


COROLLARY  5.10.  The  integral  in  Definition  5.5  is  linear,  i.e.,  for  any  f,g€ 
L\(X,A)  and  c G C, 

[ (f  + g)d\=  j f d\  + f g dX  and  f cf  dX  = c f f dX. 

J x Jx  Jx  Jx  Jx 

PROOF:  We  first  assume  f,g  G L\(X,  A+).  Let  Xn  = {x  G A';  ||/(x)  + 

g(r)\\  < N}.  Then,  it  is  clear  that  XXNf,XXN9  € BMS(X,A)  and  xxsf  / 
/,  \ Xn9  Z g as  N — * oo,  so  that  by  Corollary  5.9,  JxfdX  = limw^oo  Jx  f dX  and 
J Y g dX  = lim^v— oo  /Y  9 dX,  from  which  we  have 


/ (/ 


+ g)dX=  lim  / (f  + g)dX 


N oo 


L{ 


= Jim  ( / fdx+f  gdX) 

N“°°  Ja'jv 

= [ fdX+  [ gdX. 

Jx  Jx 
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Since  fx  cf  d\  = c fx  f d\  for  c > 0 is  obvious,  the  integral  is  an  affine  map  from 
L\(X,A)+  to  B+ . The  rest  of  the  proof  is  completed  under  the  same  argument  in 
convexity  theory  that  every  affine  map  on  a positive  cone  which  vanishes  at  0 can 
be  extended  to  a linear  map  on  the  complex  linear  space  which  is  generated  by  the 
cone.  | 

Our  next  concern  should  be  about  Lebesgue’s  dominated  convergence  theorem. 
We  approach  this  by  generalizing  Egoroff’s  theorem. 

THEOREM  5.11.  Let  C MS(X,A ) be  a sequence  such  that  lim  fn(x ) 

n— *•  oo 

= /( i)  in  the  norm  of  A for  A-  a.e.  x G X.  Then,  for  any  e > 0,  and  p G £?*,  there 
exists  V'  G B with  |(A(X  \ Y)e,  p) | < e such  that  (/„)  converges  to  f uniformly  on 
V. 

PROOF:  We  can  assume  ||/„(:r)  — f(x)\\  — > 0 for  all  x G X negrecting  A-  null 

set.  For  each  n,p£  N,  we  set 

-Yn.p  = tnn{x  € -V;  ||A(x)  - /(x)||  < Jr)  € B. 

Then,  for  each  fixed  p e N,  XHtP  S X (as  n -+  oo),  so  A(A'„iP)  — > A(W)  (n  -*•  oo) 
in  BW-topology.  It  follows  that  for  any  e > 0 and  p € B*,  there  exists  Np  € N 
such  that,  if  n > Np , then  |(A(X  \ A'„,p)e,p)|  < e/2p.  Set  Xp  :=  XNp<p  and 
Y :=  fl“  ,-Yp  G B.  Then,  for  any  p G B*, 

OO  OO 

|(A(A-  \ r)e,p)|  = |A(U-  1(A\ Xr)e,p)\  < ^ |(A(A  \ A,)e,  p)|  < ^ ± = e. 

p=l  p=  1 2 

Note  also  that,  for  any  p G N,  if  k > Np , then  \\fk{x)  - /(x)||  < 1/2P  for  all 
x G F(C  Xp),  which  implies  that  (/„)  converges  to  / uniformly.  | 
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The  following  proposition  shows  that  the  integral  is  absolutely  continuous  with 
respect  to  BW-topology. 

PROPOSITION  5.12.  Let  f G L\(X,A).  Then,  for  any  e > 0,  and  p G B*, 
there  exists  8 > 0 such  that,  if  (A  (E)e,  p)  < 8 for  E G B,  then  \(JE  f dX,  p)\  < e. 

PROOF:  We  first  assume  / > 0.  From  Definition  5.5,  for  Xn  = {x  G 

X;  ||/(x)||  < n},  we  have  lim  fv  f d\  = f f d\,  i.e.,  for  e > 0 and  for  a large 

n— *■  oo 

n G N,  |(/xu  / dA,p)|  < e/4.  We  set  (5  = e/4n.  If  (A (E)e,p)  < 8 for  E G B,  then 

|(  [ f d\,p)\  < n(X(E  fl  Xn)e,p)  < n.8  < e/4 
JEnX„ 

and 

I (/  fdX,p) \<\(f  f dX,  p)\  < e/4, 

JE\Xn  JX\Xn 

hence 

I ( / / dA,p)|  < |(  f f dX,p)\  + |(  f f dX,p)\  < e/2  < e. 

JE  JEnXn  J E\Xn 

For  the  general  case,  we  decompose  / = — /^2)  with  G L\(X.  -4+), 

and  assume  that  are  chosen  as  above.  Set  8 = minj^1^, 6^2>}.  Then,  if 

(A (E)e,  p)  < 8,  we  have 

I (/  / d\,p)\  = |(  / fWd\,p)\  + \([  d\,  p)\  < e/2  + e/2  = e. 

JE  JE  JE 

This  completes  the  proof.  | 


Now,  Lebesgue’s  dominated  convergence  theorem  is  generalized  as  follows. 


87 


THEOREM  5.13.  Let  (fn)^=i  C MS(X,A ) be  a sequence  such  that  lim  /n(x) 

n— ► oo 

= /(x ) /or  A-  a.e.  x € X,  and  suppose  that  it  is  order  bounded  by  g (E  L\(X,  -4+), 
i.e.,  -g(x)  < fn(x ) < g(x)  for  A-  a.e.  x € X and  all  n G N.  Then,  / G Z^(X,  A) 
and 

lim  f fn  d\  = f f d\ 

n^°°  Jx  Jx 

in  o(B , B +)-topology. 

PROOF:  Since  the  order  interval  [— y(x),  ^r(x)]  is  norm  closed,  — g(x)  < f(x ) 

(=  n(x')')  < g(x)  for  A-  a.e.  x <E  X , hence  ||  fx  f dA||  < ||  Jx  g dA||  < oo,  i.e., 

f€L\(X,A). 

From  Proposition  5.12,  for  any  e,  and  p € B,,  there  exists  8 > 0 such  that, 
if  (A  (E)e,p)  < 8,  then  \(fEg  d\,  p)\  < e.  By  Theorem  5.11,  for  this  chosen  8 > 0, 
and  for  the  same  p € -B,,  there  exists  Y € B with  |(A(X  \ Y)e,p)\  < 8 such  that  /„ 
converges  to  / uniformly  on  Y,  i.e.,  for  large  n,  ||/„(y)  - f(y)\\  < e for  all  y 6 Y. 
We  then  have 

I (/  ( fn-f)d\,p)\<\([  (/„-/)dA,P)|  + |(/  (fn  - f)  dA,p)| 

Jx  Jy  Jx\Y 

<e(A(F)e,p)  + 2|(/  g d\,  p)\  < e(||A||  + 2) 

JX\Y 

This  shows  lim  fnd\  = f f dX  in  o(B,  /?*)- topology.  | 

Remark.  Brooks-Dinculeanu  [20]  proved  in  the  general  setting  for  Banach 
spaces  that  the  Lebesgue’s  dominated  convergence  theorem  holds  in  the  sense  of 
convergence  in  measure  (cf.[20;  Th.2.6  and  §4]).  The  above  result  shows  that,  in 
the  setting  of  order  unit  spaces,  we  have  Lebesgue’s  theorem  in  a stronger  sense, 
namely  in  the  sense  of  a.e.-  convergence. 
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We  next  proceed  to  investigate  the  integral  of  weakly  measurable  functions. 
After  some  attempts,  one  realizes  that  it  is  truly  difficult  to  define  the  integral 
of  weakly  measurable  functions  in  the  strong  sense,  i.e.,  using  approximation  by 
simple  functions.  However,  recently  there  have  been  notable  progress  about  weakly 
measurable  functions  taking  the  values  in  a locally  convex  Suslin  space  and  their 
integrals  with  respect  to  a scalar  measure  (see  [18],  [77]).  This  restriction  does  not 
affect  our  purpose  where  we  can  assume  that  the  functions  are  taking  values  in  a 
w*-separable  dual  order  unit  space,  hence  a Suslin  space.  We  will  show  that  we 
can  define  an  integral  of  w*-measurable  functions  in  the  strong  sense  with  respect 
to  a positive  operator  map  valued  measure  under  some  constraint.  (Recall  that  a 
Hausdorff  topological  space  is  defined  to  be  a Suslin  space  if  it  is  a continuous  image 
of  a Polish  space.) 

In  what  follows,  we  assume  that  A and  B are  dual  order  unit  spaces  and 
-4  is  w*-separable,  and  A : B —>  P(A,B)n  is  a BW-countably  additive  measure 
where  P(A.  B)n  denotes  the  set  of  all  normal  (i.e.,  a(A , A*)  — a(B , f?„)  continuous) 
positive  linear  maps  from  .4  to  B.  We  denote  by  MW(X,A ) [resp.  BMW(X,A)]  the 
set  of  all  w*-  (i.e..cr(A,  A,))- measurable  [resp.  bounded  w*-measurable]  functions 
from  „Y  to  A. 

From  Blondia’s  result  ([18;  Prop. 2. 3]),  for  any  / 6 BMW(X,A ),  there  exists 
a sequence  (/n(z))  of  finite  valued  simple  functions  which  converges  to  f(x ) in 
<t(A,  A*)-topology  for  each  x G X.  Let 

771  n 

fn{x)  = X(E.a\n)  with  (£,(,,))  C B (diajoint)  and  (a\n))  C A 

i=i 
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and  define 

I*  m n 

bn:=  / fnd\  = Y,HE(tn))a\n)  eB, 

J x 1=1 

which  is  a particular  case  in  Definition  5.2. 

Since  \\bn\\  = ||  fx  fn  dA||  < ||A||M  where  M = supn  ||/n||,  (bn)n  is  bounded, 
so  is  relatively  cr(A,  ^4*)-compact,  hence  it  has  at  least  one  accumulation  point  in 
B.  If  it  is  unique,  we  could  define  the  integral  fx  f d\  by  its  limit.  In  the  following, 
we  will  give  a sufficient  condition  for  this  purpose. 

DEFINITION  5.14.  Let  A : B — > P(A,B)  be  a BW-countablv  additive  mea- 
sure. For  each  a G A,  p G B *,  and  E G B,  define  A a,p{E)  : = (A (E)a.p).  If  there 
exists  a scalar  measure  p such  that  AfliP  <C  p uniformly  for  a £ A and  p G B*.  then 
we  say  that  A is  BW-absolutely  continuous  with  respect  to  p. 

PROPOSITION  5.15.  Let  A and  B be  dual  order  unit  spaces  and  assume  that 
.4  is  w*-separable,  and  let  A : B — > P(A,B)n  be  a normal  BW-countablv  additive 
measure.  If  A is  BW-absolutely  continuous  with  respect  to  a scalar  measure,  then 
(bn)  = (fx  fn  d\)  is  a Cauchy  sequence  in  o(B.  B*)- topology,  hence  has  a unique 
limit  in  B. 

PROOF:  Since  Aa>p  <C  /x,  where  p is  a scalar  measure,  by  Lebesgue-Radon- 

Nikodym's  theorem,  there  exists  <^(a,  p)  G L ^ such  that 

A«,p(£)  = (X(E)a,p)  = f <p(a,  p)(Q  dp(Q. 

Je 

We  note  that,  from  the  above  form,  for  any  fixed  p G £?*  and  E G B,  fE  ip(a,  p)(( ) dp 
is  er(.4,  ,4*)-continuous. 


90 


Observe  that,  for  each  p € H*, 


(&m  - bn,p)  = (J  ( fm  - fn ) d\,  p) 


= V / 


- a\n\p)  MO 


Tj  d EtnEj 

= [ V(fm(0~fn(0,P)dp(0 

Jx 


Since  (/m(C)-/„(C))  ->  0 as  m,  n — ► oo  in  <7(A,  A*)-topology  for  p-a.e.  ( 6 X,  from 
the  above  remark  we  conclude  fx  <p(/m(C)-/n(CX  p)  MO  0 as  m,  n -»  oo,  hence 
(&m  — ) -»0(asm,n->  oo)  in  B*)-topology.  This  completes  the  proof.  | 


Remarks.  1.  By  the  linear  dependence  on  p in  <p(a,p)(£),  we  can  write 
P(aiP)(0  = (<rXaXC)>pX  so  that  (6,  p)  = fx(<p(f(0)iP)  dp(0-  This  shows  that 
h = Jx  ¥>(/( 0)M0  (weak*-integral). 

2.  At  this  moment,  we  do  not  have  the  integral  of  weakly  measurable  functions 
in  the  general  setting.  We  could  take  the  alterative  way  using  monotone  converging 
simple  functions  if  we  have  the  weak  version  of  Proposition  5.7.  However,  our  proof 
of  Proposition  5.7  cannot  be  applied  for  this  case  since  the  interior  (.4+)°  in  w*- 
topology  is  not  assured  to  be  non-empty  in  general.  In  fact,  if  A+  has  non-empty 
interior  in  w*-topology,  then  every  positive  linear  form  is  w*-continuous  (cf.  [66; 
Th.  5.5]),  which  implies  that  A is  reflexive,  hence  essentially  reduced  to  the  finite 
dimensional  case. 

3.  In  Chapter  6,  we  will  apply  our  integral  to  the  situation  where  A is  a 
CP-map  valued  measure,  which  we  call  “CP-measure  and  integral”.  More  precicely, 
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letting  A be  a C*-algebra  and  if  be  a Hilbert  space,  we  will  set 

* = Qh(A) 

B = {the  Borel  sets  induced  from  the  norm  topology  or  the  BW-topology  on 

Qh(A)  } 

A = B - B(H)  = (T(H))m 

A : B — ► Qh(B(H ))  or  Qii{B{H))n  (BW-countably  additive  measure) 

/ € BM„(Qh(A),  B(H))  or  BMw(Qh(A),B(H)) 

If  H is  separable,  then  .4  is  w*-separable,  hence  satisfies  the  requirement  of 
Proposition  5.15. 


CHAPTER  6 


CP-DECOMPOSITION  AND  CP-CHOQUET  THEOREM 


It  is  a fundamental  problem  in  mathematics  and  its  applications  to  decom- 
pose a mathematical  object  into  “pure”  phases.  In  this  chapter,  we  consider  the 
decomposition  problem  for  completely  positive  maps  and  we  apply  this  result  to 
generalize  Choquet’s  theorem  for  CP-state  spaces  in  the  context  of  CP-convexity. 

We  first  note  that  the  pure  phase  decomposition  for  CP-maps  has  a difficulty 
in  its  nature.  To  illustrate  this  fact,  let  A be  a C*-algebra,  H be  a Hilbert  space  and 
let  ip  = V*ttV  G CP(A , B(H)),  and  suppose  that  7r  has  a irreducible  decomposition, 
i.e., 

k = Jz  *(0<M0  H„  = j C). 

Corresponding  to  this,  it  would  be  quite  natural  to  claim  that  ip  could  be  decom- 
posed into  pure  CP-maps  of  the  following  form 


xp  = 


nOMCMCWC), 


where  F(C)  could  be  defined  as 


V(Q:h»Vh(()  for  heH. 

Unfortunately,  one  will  realize  here  that  U(()  is  not  bounded  in  general,  hence  the 
integrand  U(C)7r(C)Vr((^)  is  not  a pure  CP-map;  one  can  see  this  in  the  particular 
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case  where  V = id  ( H = Hn),  i.e.,  F(£)  : h € Hn  »-».  h(()  e HK(Q  and  ||h||2  = 
Iz  IKKOII2  which  shows  that  V(C)  is  not  bounded  in  general  unless  /z  is 

atomic,  in  which  case  /i  is  decomposed  into  a CP-convex  combination  of  pure  CP- 
maps.  In  the  following,  we  will  discuss  some  classes  of  CP-maps  which  admit 
CP-pure  decomposition,  first  in  the  sense  of  CP-convex  combination,  next  in  the 
sense  of  weak  integral;  this  will  give  a partial  solution  to  this  problem. 

We  first  identify  the  class  of  C*-algebras  for  which  every  CP-map  ip  € CP(.4, 
B(H))  is  decomposed  into  a CP-convex  combination  of  pure  CP-maps.  We  recall 
that  a C*-algebra  A is  defined  to  be  scattered  if  every  state  on  A is  represented  by 
an  atomic  boundary  measure,  and  a W*-algebra  M is  called  atomic  if  the  projection 
lattice  of  M is  atomic,  i.e.,  every  projection  of  M contains  a minimal  projection 
in  M.  We  recall  that,  due  to  H.E.  Jensen  ([48], [49]),  the  following  conditions  are 
equivalent. 

(i)  .4  is  scattered. 

(ii)  .4**  is  atomic. 

(iii)  Every  u £ (^4*)+  is  of  the  form  u — where  w*  is  a pure  positive 

linear  functional  on  A. 

(iv)  Every  non- degenerate  representation  of  A is  unitarily  equivalent  with  a 
subresentation  of  a direct  sum  of  irreducible  representations. 

(v)  .4  is  of  type  I and  has  scattered  spectrum  A. 


Remarks.  1.  The  condition  (iii)  can  be  expressed  as  Qc{A ) = a — conv  Pc{A)\ 
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where  Pq(A)\  :=  Pc(A)  fl  Qc(A)  ,i.e.,  every  quasi-state  u E Qc(A)  is  of  the  form 


OO  OO 

u!  = ^ AiWi  with  ^ A,-  = 1,  Xi  > 0 and  E Pc(A)i  • 

i=i  1=1 

2.  Regarding  condition  (v),  we  note  that  a topological  space  T is  called 


scattered  if  every  closed  subset  of  T has  a point  which  is  relatively  isolated  in  T. 

3.  A separable  C*-algebra  A is  scattered  if  and  only  if  A is  countable  (cf. [48] , 
[49]). 

4.  The  C*-algebra  C(H)  of  all  compact  operators  on  a Hilbert  space  H is 


scattered,  and  the  W*-algebra  B(H ) is  atomic. 


In  the  setting  of  CP-convexity,  a scattered  C*-algebra  is  characterized  as 
follows. 


THEOREM  6.1.  Let  A be  a C*-algebra  and  H be  a Hilbert  space.  Then  A is 
a scattered  C*-algebra  if  and  only  if  the  CP-state  space  Qh{A ) is  elementary,  i.e., 

Qh{A)  = CP  - convPH(A) i where  P//(A)i  = PH(A ) fl  Qh(A), 

i.e.,  every  CP-state  ip  E Qh(A)  is  represented  of  the  form 

^ = S*ipaSa  where  ipa  E P«  (A) x and  SQ  E B(H ) such  that  ^ S*SQ  < Ih- 

Q Q 

PROOF:  Assume  that  A is  a scattered  C*-algebra,  and  let  ip  = V*~V  E 

Qh{A).  By  the  above  equivalent  condition  (iv),  there  exist  a family  {na)aeA  C 
Jrr(A)  such  that  7r  = (SaeA^a)!//,-  Hence,  letting  pQ  be  the  projection  of  Hn  = 
®Q£\Hna  onto  HWa  , we  have 

Ip  — V (®agAPa  )(©a£A )(©agA.Pa  )br  = ^ 

<*€A 
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where  Va  is  defined  by  VQ  :=  paV  and  £a6A  V*Va  = £aGA  V*pQV  = V*V  < IH. 
This  shows  that  Qh(A)  is  elementary. 

Conversely,  suppose  that  Qh{A)  is  elementary,  i.e.,  every  xp  G Qh{A ) is  written 
of  the  form 

$ = where  xpQ  = VaTtaVa  G Ph(A) i 

agA 

and  Sa  G B(H)  with  ^ S*SQ  < IH. 

ag  A 

Recall  that  every  u G Qc(A)  is  of  the  form  u = PxpP  with  xp  G Qh(A)  where  P is 
a one  dimensional  projection  on  H.  Let  h G im  P with  \\h\\  = 1,  then 

u;  = (xph,h)  = J2(*°VaS*h,VaSah)= 

agA  ag A 

where  we  set  uQ  :=  (7ra(-)VrQ!5'a/i,  \ aSah ) and  note  that  the  sum  of  the  above  is  at 
most  countable,  since  0 < u>(e)  = £a€A<*>a(e)  < 1.  This  shows  that  u is  atomic, 
hence  .4  is  scattered.  | 

Remarks.  1.  The  condition  QH(A)  = CP  - conv  Ph(A)i  is  equivalent  to 
that  every  xp  G CP(A,B(H ))  is  decomposed  as  xp  = £QgA  tpa  where  xpa  G Ph(A). 

2.  If  H is  separable,  then  the  condition  is  expressed  as  Qh{A)  = a - CP  - 
conv  Ph(A)i  (i.e.,  Card(A)  < K0).  Indeed,  if  H is  separable,  then  B(H)  is  er-finite, 
so  that  with  a faithful  normal  state  lv0  and  e £ A (or,  if  A is  not  unital,  using 
an  approximate  identity  (eA)),  we  have  0 < u,0(</>(e))  = u;0(£og AS*xPa(e)Sa)  < 

u°(Yla£A  Sa/Sa)  < uq(Ih ) = 1,  so  that  £aA  S*Sa  is  a countable  sum  on  the  faithful 
normal  uxo,  hence  A is  countable. 

3.  K.  Kraus  [55]  showed  the  above  decomposition  for  the  particular  case 
xp  G CP(C(H),  B(H))  = CP(B(H),  B(H))n  :=  CP(B(H))n. 
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For  the  remainder  of  this  chapter,  we  assume  that  A is  a separable  C*-algebra, 
and  investigate  the  class  of  CP-maps  0 = V*nV  £ CP(A,  B(H ))  which  can  be  dis- 
integrated into  pure  CP-maps.  (The  separability  condition  on  A will  be  needed  for 
the  irreducible  decomposition  of  7 r.)  As  we  shall  see  in  the  weak  integral  decom- 
position as  follows,  our  assumption  of  a strong  continuity  on  the  operator  V,  in 
terms  of  a nuclear  topology,  will  be  essential  in  the  subsequent  arguments,  so  that 
we  prepare  some  definitions  and  notations  for  nuclear  spaces  (cf.  Appendix  6 for 
basic  definitions). 

Let  Cl  C Hu  C Cl'  be  a rigged  Hilbert  space.  Recall  that  the  nuclear  topology 
of  Cl  is  defined  by  a chain  of  countably  many  Hilbert  spaces  with  norms  ||  • ||n 
(n  = 1, 2.  3,  • • • ),  such  that 

II  ■ 111  < II  ■ ||2  < - IU  < II  • lln+1  < 

and 

Cl  C • • • C Cln+ 1 C Cln  C • • • C Cl2  C Cl!  c Hu. 

Since  the  norm  ||  • ||  of  Hu  is  continuous  with  respect  to  the  nuclear  topology  on  f) 
by  definition,  there  exists  n 6 N such  that  the  embedding  T : Cl  — * Hu  is  a nuclear 
operator  with  respect  to  some  norm  ||  • ||„  (cf. [39] ).  We  denote  by  r(ft)  the  minimum 
of  this  integer  n,  i.e., 

r(Cl)  :=  min{n  £ N ; T : Cl  Hu  is  a nuclear  operator  with  respect  to  ||  • ||n}, 

and  call  the  rank  of  the  rigged  Hilbert  space  Cl  C Hu  C Cl'.  In  the  following,  we 
will  use  the  abbreviations  Clr  :=  J2r(n)  and  ||  • ||r  :=  ||  • ||r(n),  and  we  denote  by  cr 
the  operator  norm  of  the  nuclear  embedding  T : Clr  -*  Hu  , i.e.,  ||  • ||  < cr||  • ||r. 
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DEFINITION  6.2.  Let  A be  a C*-algebr a,  H be  a Hilbert  space  and  let  xp  = 
V*irV  6 CP(  A , B{H))  where  tt  is  a representation  of  A on  HK  and  V £ B(H,  H„), 
and  assume  that  there  exists  a countably  Hilbert  nuclear  space  ft  such  that  ft  C 
Hn  C ft'  is  a rigged  Hilbert  space.  Then,  xp  is  defined  to  be  n-continuous  if 
V € B(H , ftn ),  i.e.,  V is  a bounded  linear  operator  from  the  Hilbert  space  H to  the 
Hilbert  space  ftn  with  the  ||  • ||„-  norm.  We  then  define  xp  to  be  pre-nuclear  if  ip 
is  r(Q)-continuous,  and  define  xp  to  be  nuclear  if  xp  is  n-continuous  for  all  n & N, 

i.e.,  V : H —*  fl  — is  continuous  with  respect  to  the  nuclear  topology. 

Remarks.  1.  We  note  that,  if  xp  is  n-continuous,  then  xp  is  m-continuous  for 
all  m < n. 

2.  As  an  example  of  nuclear  CP-maps,  we  cite  the  class  of  finite  rank  CP- 
maps,i.e.,  xp  = V*7 tV  where  dimV(H)  < oo.  One  can  take  a countably  Hilbert 
nuclear  space  f 2 such  that  V(H)  C ft  and  ft  C Hn  C W is  a rigged  Hilbert  space. 

3.  If  xp  = V*xV  is  pre-nuclear,  then  V is  a nuclear  (or  trace  class)  operator 
from  H to  Hn,  since  V is  decomposed  as  V = T o V : H ftr  — Hn  where  T is 
the  nuclear  embedding. 

Now,  we  prove  the  following  decomposition  theorem  for  pre-nuclear  CP-maps. 

Theorem  6.3.  Let  A be  a separable  C*-algebra  and  H be  a separable  Hilbert 
space  with  dimH  > o i ( A ) :=  sup {dimHK]  x is  an  irreducible  representation  of  A 
onHn}.  Let  xp  = V *nV  € C P(A,  B(H))  where  x is  a representation  of  A on  a 
separable  Hilbert  space  Hn  and  assume  that  xp  is  a pre-nuclear  CP-map.  Then,  for 
any  maximal  abelian  subalgebra  A4  n of  tt(A)1  , there  exists  a standard  measure  space 
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(Z,  p)  which  corresponds  to  MK,  and  measurable  families  (tt (C))cez  C Irr(A  : H) 
(the  set  of  all  irreducible  representations  of  A on  H)  and  (V(£))<e.z  C T(H)  (the 
set  of  all  trace  class  operators  on  H)  such  that 

V>  = J V(C)*ir(C)  V(0  MO  (BW-integral) 

i.e., 

(ip(a),p)=  f (V(()*Tr(0(a)V((),p)dp(()  for  all  a£A  and  p £ B(H)*  . 

Jz 

PROOF:  From  the  standard  disintegration  theorem  (e.g.,  [28;Th.8.5.2]),  for 

a representation  7r  of  A on  a separable  Hilbert  space  Hn,  and  a maximal  abelian 
subalgebra  M n of  7 r(A)' , there  exists  a standard  measure  space  (Z,p)  corresponding 
to  M, r,  and  a measurable  family  (7r (C))cez  of  irreducible  representations  of  .4  on 
(Hn(Q)^ez  such  that 

r ® r® 

7r  = Jz  and  Hn  = J Hn(Qdp(Q. 

In  the  above  decomposition  of  7r,  Hn  is  assumed  to  be  separable,  hence  there 
exists  a countably  Hilbert  nuclear  space  Q.  such  that  Hn  is  equipped  as  a rigged 
Hilbert  space  Q C Hn  C fF . Since  Hn  is  represented  as  the  direct  integral  of  the 
Hilbert  spaces  (iM£))cez,  we  know  from  [39;  §4.4,  Th.l’]  (cf.  Appendix  6)  that 
there  exists  a family  of  nuclear  operators  {Tc  : -*  Hw( C)}<ez  such  that,  for  every 

Tdf)  ~ f( £)  for  p a.e.  £ £ Z. 

From  the  arguments  in  [39],  is  continuous  with  respect  to  ||  • ||r-norm,  so  we 
define  P(£)  :=  f(  £ B(Qr,  #*•(£))  where  the  closure  is  taken  by  the  norm  ||  • ||r.  By 
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the  assumption  that  ip  is  pre-nuclear,  V G B(H,Q,r),  so  that  we  can  define 

F(C)  :=  P(0  V : H - Hn(Q , 

and  clearly  F(£)  is  a nuclear  operator  from  H to  H-, r((),  i.e.,  F(C)  G T(H , Hn(Q)  C 

B(H.HAO). 

Noting  that  Vr(C)*7r(C)(a)^(C)  £ B{H)  for  all  a G A,  we  set,  for  arbitrary 

*(a;p)(C)  :=(V(C)*ir(C)(«)V(C ),p). 

We  will  show  that 

for  all  aGA  and  p G B(H)*  . 

We  then  use  this  fact  and  the  arguments  given  in  [27;II.3  pp  52-53]  to  conclude  that 
there  exists  'f'(a)  G -B(£T)  such  that 

(^(a),p)  = J ty(a;  p)(Qdp.(()  for  all  aG  A and  p G 

i.e..  there  exists  : A — > Z?(i7)  such  that 

^ = J^V(C)*n(QV(Qdp(Q  (BW-integral). 

After  establishing  this  fact,  we  will  show  that  $ = ip,  and  that  7r(<Q  and  F(<;)  can 
be  taken  in  Jrr(A  : H ) and  T(H ) respectively. 

We  first  consider  the  simplest  case  where  p is  of  the  form  p = with 
s,f?  G H,  i.e., 

p{x)  = u^n(x)  = (x^,r7)  for  x G B(H). 
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In  this  case, 

*(«;*>)(■  0 = (V(0*ir(CX<«)  V(0£,I))  = (P«r*«)(a)P(QV 

We  need  to  show  that  ^(a;  p)  is  a p -measurable  function  of  £ 6 Z.  Consider 
the  functions,  for  /,  g € ft, 

*•(«;  /,  flrKC)  :=  (P(crMC)(«)  P(C)  /,  5)  = («-(C)(«)  P(C)  /,  P(C)  s) 

= (»«)(«) /(C)»0(O)  p-a.e.(eZ, 

so  that  F(a-,  f,g)(Q  is  /i  -measurable  for  all  f,g  € Q..  Since  Cl  is  ||  • ||r-norm  dense 
in  Clr , we  can  take  sequences  ( /n),(<7m ) in  which  converges  to  and  Vrj  in 
||  • |jr-norm  respectively.  Then, 

|*(a;p)(C)-F(a;/„,sm)(C)| 

= IWOMOM P( C)  Vf,  Vr,)  - (P(()' *(()(«) P(Q  f.,gm)\ 

< K^(cr^(c)(«)  J’tocve  - /„>,  v,)i  + i(p(cr’r«)MP(c)/»,  v?  - 9m)i 

< iii’(c)*’r(0(a)  p<o  <v£  - wnii^n  + iip(o*>t(c)(o)  p(  of.  mi  v,  - 9m  ii 

< c;||P(0-<r(C)(a)P(C)||r(||V'e  - /„||r||V,||r  + \UM\Vr,  - Sm||,) 

< 4l|P(0li;i|a||2(l|V£  - /„||r||Vr)||r  + n/.IMI^  -jm||r), 

where  the  subscript  r to  ||P(()||r  denotes  the  operator  norm  with  respect  to  the  ||-||r- 
norm  in  C lr  and  the  norm  in  Hn(Q,  and  recall  that  ||/*||  < cr||/i||r  for  h € Clr  . Now, 
(/„)  converges  to  V £ in  Clr,  hence  (||/„||r)  is  uniformly  bounded,  so  F(a:  fn,gm)( C) 
converges  pointwise  to  $(a;p)(C)  (C  € Z)  as  n -*  oo  , m ->  oo.  Hence  ^(a;  p)(Q  is 
indeed  p -measurable. 
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For  p = with  £,rj  G if,  we  now  prove  that  ^(a;p)(()  G Ll(Z,p.)  and  that 
one  has  in  fact 

||*(a;/>)||il  <c;||fl||||V||;||e||||i?||1 

where  ||  V || r denotes  the  operator  norm  wirh  respect  to  the  norm  ||  • ||  in  if  and  the 
||  • ||r-norm  in  f }r.  To  do  so,  we  observe  that,  for  /,  g G 0, 

\\F(a-,f,g)\\L1=  [ \F(a-f,g)(0\dp(0=  / l(*(«)/)(C),*(C))l<*MC) 

Jz  Jz 

< [ ll(*(«)/)(C)llll*(0ll^(0 

Jz 

<(/  \\(*(a)f)(0\\2  M0)H  [ ll<7(C)ll2^(C))* 

Jz  Jz 

= IW«)/IINI<II«IIII/IINI 

= C2r|H|||/||r|k||r. 

With  now  (/„)  [resp.  ( gm ) ] converging  to  V£  [resp.  Vr)  ] in  ftr,  by  Fatou’s  Lemma, 
we  have 


ll^(a;P)IUl  < ii 51  \\F(a-Jn,gm)\\Ll  < lim  c*||a||||/n||r||^m||r 

n,m— *oo  n,m— ► oo 

= ‘=;il«lll|V(||r||V,||l.<4||a||||V||J||«||||,||. 


We  are  now  ready  to  consider  the  general  case  when  p is  arbitrary  in  B(H)*, 

i.e., 


OO  OO 

p(x)  = ?><.„.(,)  = Y^(x^n,r]n)  for  x G B(H) 

n=  1 n=  1 

oo 

where  ||^||2 

n=l 


and  JZ  II7?"  II2 

n=l 


< OO 


< OO. 
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It  suffices  to  observe  that 

OO  OO 

£ < 4 H|||V||5  £ ||f„||||,„|| 

n= 1 n= 1 

OO  OO 

< 4 !|o||l|V|l?(£  K.|*)i(£  ||,nf)i  < OO, 

n= 1 n=l 

from  which  we  conclude  that 

OO 

^(a;p)(C)  = XI  ^(a;a;«n.>/n)(C)  € Ll(Z,n)  for  all  a6A  and  p e B(H)m. 

n=  1 

As  we  mentioned  before,  this  ensures  the  existence  of  ^ : A — ► B(H)  such  that 
= J F(C)*7r(C)V'(C)c//j(C)  (BW-integral). 

We  shall  show  that  ^ defined  above  is  actually  equal  to  our  original  r/>.  Note 
first  that,  for  all  a € A and  £,  g € H , 

«•(<■)  - *(<■),*«,,)  = (V'*(a)  J(Pur*(0(c)P(Ovi;,vv)dit(a. 

Let  us  consider 


G(a;  h , k)  :=  (tt (a)h,  k)  - J (P(Q*i r(C)(a)  P(Q  h,  k ) dp( Q for  h,  k 6 Qr. 

If  /i  = /gfi  and  k = g £ Q , then 

G(a;h,k)  = (n(a)f,g)  - ( (7r(C)(a)/(C),y(C))  d//(C)  = 0. 

Jz 

Since  G(a\h,k)  is  a ||  • ||-bounded,  hence  ||  • ||r-bounded  sesquilinear  functional  on 
Q x Q.  which  is  dense  in  x f)r,  we  conclude  G(a;  h,  k)  = 0 for  all  a G A and 
h,  k E fir  • Let  h = V£  and  k = Vg  , then  (j/>(a)  - ^(a),u(iV)  = G(a;  V£,  Vg)  = 0. 
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Since  £,77  G H are  arbitrary,  we  conclude  that  ^(a)  = ^(a)  for  all  a G A , i.e., 
(/>  = '!'.  Hence  we  have  proved  the  decomposition  of  t/>,  i.e., 

<!>  = j VTOMCmOdMC)  (BW-integral) . 

To  complete  the  proof  of  Theorem  6.3,  we  have  to  show  that  we  can  take 
7t(£)  6 Irr(A  : H)  and  F(£)  G T(H’)  without  loss  of  generality.  By  assumption, 
dim  H > dimHn(Q  for  all  ( £ Z,  so  that  there  exists  a partial  isometry  IT(£)  : 
H ->  tfT(C)  from  H onto  HW(Q  , i.e.,  H/(C)fT(C)*  = idHit^)  . Then, 

<l>  = j v(()’W(0W(0'ir(0W(0W((;rv(0M0 

= I mo’VK)TmQ-n(ow(Q)(w{o-v(o)dM), 

J z 

where  fV'(C)*^(C)  <E  T(H)  since  V(Q  € T(H,Hn( £)),  and  ^(OMCWC)  € 
Irr(A  : H)  since  1T(£)  is  a partial  isometry  from  H onto  Hn( £)  and  7r(£)  is  an 
irreducible  representation  of  A on  #*■(£)•  This  completes  the  proof  of  Theorem 
6.3.  | 

Remark.  The  condition  on  the  dimension  of  the  Hilbert  space  H is  not 
necessary  if  H is  infinite  dimensional.  However  it  diminishes  the  dimension  of  H if 
.4  is  finite  dimensional. 

Based  on  the  CP-decomposition  theorems  which  we  discussed  in  Theorems  6.1 
and  6.4,  we  shall  generalize  Choquet’s  theorem  for  CP-state  spaces. 

THEOREM  6.4.  Let  .4  be  a separable  scattered  C*-algebra  and  H be  a Hilbert 
space  with  dim  H > oti(A).  Then,  for  every  t/>  G Qh(A),  there  exists  a QH(B(H))n- 
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valued  CP-measure  A ^ which  is  supported  by  Irr(A  : H)  such  that 

xp  — b( A^ ) . — I (pdXipy 

J <p£Qh{A) 

where  the  integral  is  the  CP-integral  (in  the  strong  or  weak  sense)  and  b(ip ) is 
defined  to  be  the  bary center  of  the  CP-measure  A^  . 

PROOF:  It  follows  from  Theorem  6.1  and  the  condition  dimH  > cti(A)  that 

every  xp  G Qh(A)  is  decomposed  as 

xp  = Y,  V*7rQVa  where  ira  G Irr(A  : H)  and  VQ  G B(H) 

Ot 

such  that  Y V°Va  - Ih  • 

Q 

Let  X = Qh(A ) and  let  Bs  denote  the  Borel  sets  induced  from  the  norm 
topology  of  Qh(A).  We  define 

A*  : E G Bs  A 4(E)  = Y V^)V°  e Qw(B(id))n, 

which  is  clearly  a BW-countably  additive  Qh{B(H ))„-valued  CP-measure.  We  can 
regard  a G BMS(X,B{H))  for  every  a G .4.  Hence,  from  Definition  5.5,  we  can 
define  the  following  CP-integral  in  the  strong  sense 

/ a(<p)d\^=  f y?(a)  dA^  (:=  6(A^)). 

J^Qh(a)  J*eQH(A) 

We  shall  show  that  xp  = b(  A^).  We  first  note  that,  in  the  CP-decomposition 
xp  = 52a  V^KaVa,  if  ftp  ~ 7ra , then  we  can  set  irp  = U*0ttqUq0  for  some  partial 
isometry  Ua/j  in  id,  so  that  we  can  consider  that  UQa(7ra)  C Uaa(Irr(A  : H )')  where 
~ denotes  the  equivalence  class.  Let  us  define 

C*h(A)  :=  the  C*-algebra  generated  by  U {7t(.A);  n G Irr(A  : H)'}. 
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Since  A is  separable  and  scattered,  7t(A)  is  separable  and  Card(Irr(A  : H )“)  = 
Card(.4)  = K0,  so  that  C*H(A)  is  a separable  C*-algebra.  We  can  consider  that  a 
is  (.4)- valued  on  the  measurable  set  Irr(A  : H)'  (countable)  and  vve  can  assume 
a > 0 without  loss  of  generality.  Then,  by  Proposition  5.7,  there  exists  a monotone 
increasing  sequence  (fk)kL i C BS(X,  C*H(A))  such  that  fk  / a uniformly  on  the 
support  of  and  f adX^  = limjt_oo  J fk  dX^. 

Let  us  express 

OO 

fk  = y:  xFt,k)b\k)  with  (E,-fc))  C Bs  disjoint  and  C C^(.4)+, 

i=i 

and  observe  that 

OO 

h <a*n  = ii  Y o.wk,  - Y 

a i=l 

oo 

= ii Y - Y E 
" i=1 

= iiEv'<.*(’r»(“)-/‘(’r»))'/»ii 

a 

< sup||7ra(a)  - /fc(7ra)||||  V VaIH Va\\ 

a 

a 

< sup{||(a  - fk)(v)\\ ; <P  € support  of  A^,}. 


Since  fk  y a uniformly  on  the  support  of  A^,  we  conclude  that 


t'(a)  = lim  / fk  d\,p  = / a(tp)d  A*  = / ^(a)dA*. 

d (A)  J*£Qh(A) 


in  the  strong  sense. 


For  the  weak  sense,  we  replace  Bs  by  Bbw  which  is  the  Borel  sets  induced 
by  the  BW-topology  on  X = Qh(A),  and  define  the  CP-measure  A^  similarly  as 
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in  the  strong  case,  which  is  clearly  BW-countably  additive  Qh(B(H ))n-valued  CP- 
measure.  We  can  consider  that  a € *4  is  C^(A)**-valued  function  on  the  support  of 
where  C^(A)**  is  w*-separable,  and  moreover  A ^ is  BW-absolutely  continuous 
with  respect  to  an  atomic  measure  as  we  discussed  above  since  A is  separable  and 
scattered.  Thus,  by  Proposition  5.14,  we  can  define  the  CP-integral  of  a with  respect 
to  A^,  in  the  weak  sense,  and  it  follows  from  the  remark  to  the  proposition  that  it 
coinsides  with  the  CP-decomposition  of  ip.  This  completes  the  proof.  | 

For  general  separable  C*-algebras,  we  have  to  restrict  our  objective  to  pre- 
nuclear  CP-maps. 


THEOREM  6.5.  Let  A be  a separable  C*-algebra  and  H be  a separable  Hilbert 
space  with  dim  H > o,(/l).  Then,  for  every  pre-nucle ar  CP-map  xp  = V*~ rV  6 
Qh{A),  there  exists  a QH(B(H))n -valued  CP-measure  A^  which  is  supported  by 
Irr(A  : H ) such  that 

xp  = b( A^)  :=  / yd\^, 

J ^6 Qh(A) 

where  the  integral  is  the  CP-integral  in  the  weak  sense. 


PROOF:  By  Theorem  6.3,  there  exists  a standard  measure  space  {Z,p)  and 

measurable  families  (tt(O)cg^  C Irr(A  : H)  and  (V(O)c ez  C T(H)  such  that 


v>=  / v(cr*(ov(OMO 

Jz 


(BW-integral). 


Let  (Jf,  Bbw)  be  the  measurable  space  as  we  defined  in  the  proof  of  Theorem 
6.4.  In  view  of  the  embedding 


H.(Qdp(QcL2{Z,r,B(H)), 
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we  define  a CP-measure  A ^ : E £ Bgw  € QH(B(H))n  by 


/*® 

A*(E)(6)=/  V(0'bV(Qdn(Q 
J n(C)€E 


for  6 € ). 


Since  H is  separable,  f?(if ) is  w*-separable,  and  clearly  is  BW-absolutely  con- 
tinuous with  respect  to  hence  by  Proposition  5.15  we  can  define  the  CP-integral 


/ a(v?)dA^,  = / (^(a)dA0, 

•'V’€Qh(A)  -'v5GQh(A) 


which,  by  the  remark  to  the  proposition,  is  shown  to  be  equal  to  the  BW-integral 


4>(a)  = j V(0‘AO(“)V(OMO- 

This  completes  the  proof.  | 


CHAPTER  7 


CP-ORIENTABILITY 

We  revisit  the  study  of  the  CP-affine  geometry  of  the  cone  of  completely 
positive  maps  C P(A,  B(H)sa)  for  a JC-algebra  A.  In  this  chapter,  we  focus  our 
attention  on  the  condition  which  allows  A to  be  the  self-adjoint  part  of  a C*-algebra; 
this  is  naturally  motivated  from  purely  mathematical  interests  as  well  as  its  physical 
meaning. 

The  conditions  which  characterize  the  category  of  C*-  [resp.  W*-]  alge- 
bras among  JB-  [resp.  JBW-]  algebras  are  called  orientability  conditions.  Alfsen, 
Hanche-Olsen  and  Shultz  [4]  first  formulated  this  condition  for  C*-algebras  in  terms 
of  facial  structure  of  the  state  space,  i.e.,  3-ball  property  and  its  global  orientabil- 
ity, and  in  this  direction,  Iochum  and  Shultz  [47]  characterized  the  normal  state 
space  of  W*-algebras.  On  the  other  hand,  from  a different  approach  in  connection 
with  Tomita-Takesaki  theory,  Connes  [24]  (cf.  also  Bellisard  and  Iochum  [13]  and 
Iochum  [46])  gave  another  orientability  condition  in  terms  of  the  facial  structure 
of  the  self-dual  cone  of  Hilbert  space.  The  present  chapter  is  intended  to  formu- 
late the  orientability  condition  in  the  CP-geometrical  context,  and  to  examine  its 
relation  with  the  orientability  condition  of  the  state  space  in  [4],  We  shall  discuss 
Connes'  orientability  condition  and  its  relation  to  Tomita-Takesaki  theory  in  our 
CP-geometrical  setting  in  Chapter  8. 
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In  this  chapter,  we  are  mainly  concerned  with  universally  reversible  JC- 
algebras  (see  Appendix  3 for  definition).  For  our  subsequent  arguments,  it  shall  be 
enough  to  note  the  following  characterization  of  universally  reversible  JC-algebras. 
Recall  that,  for  a JC-algebra  A,  there  exists  a unique  *-anti-automorphism  $ (of 
order  2,  i.e.,  4>2  = id)  of  the  enveloping  C*-algebra  C*{A)  which  leaves  A pointwise 
invariant.  Then,  A is  universally  reversible  if  and  only  if  A = C*(A)*a  :=  {a  € 
C*(A);  <3>(a)  = a}  (cf.  [44;  Lemma  4.2]). 

LEMMA  7.1.  A.  Let  Ai  and  A2  be  universally  reversible  JC-algebras.  If  A\  C 
A2  and  C*(Ai ) = C*(A2),  then  Ai  = A2. 

LEMMA  7.I.B.  Let  M\  and  M2  be  universally  reversible  JW-algebras.  If 
Mi  C M2  and  W*(Mj)  = W*{M2),  then  M,  = M2. 

PROOF:  Part  A : Let  $1  and  $2  be  the  canonical  *-anti-automorphisms 

of  C*(A\)  = C*(.42)  leaving  .4i  and  .42  pointwise  invariant  respectively.  Since 
A\  C -42,  $2  leaves  .4i  pointwise  invariant.  From  the  uniqueness  of  the  canonical 
*-anti-automorphism  for  JC-algebras  ([4;Cor.  5.2]),  we  conclude  $1  = $2.  Since 
.4]  and  A2  are  universally  reversible,  A\  — C*(A\  )fal  = C*(A2)fa2  = A2. 

Part  B : The  uniqueness  of  the  canonical  *-anti-automorphismand  the  equality 
M = W*(M)fa  for  universally  reversible  JW-algebra  M are  proved  similarly  for  JC- 
algebra  case  due  to  [45;  Th.  7.1.9]  and  [44;  Lemma  4.2].  So,  we  can  apply  the  same 
argument  as  in  Part  A.  | 

In  the  following,  we  will  denote  A,  M for  JC-,  JW-algebras,  and  A,  M for 


C*-,  W*-algebras. 
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DEFINITION  7.2.  Let  A be  a C*-aIgebra  and  let  H be  a Hilbert  space,  and  let 
7r  : A — ► B[Hn ) be  a *- representation . Then , we  define  the  transposed  representa- 
tion tt1  of  7 r by  the  *- anti-homomorphism  7tl  : a £ A —> > 7r(a)°  = 7r (a°)  £ B(Hn)° 
(cf.  Appendix  for  the  definition  of  the  opposite  algebras  A°  and  B(HK)° ). 

A < — > A° 

7T  l \ 7T*  J,  7T 

B(Hk)  4— » B(Hny 

If  xp  = V*ttV  £ Qh(A),  we  use  the  notation  xp*  = V*7r*V’  and  denote  the 
transposed  CP-state  space  of  A by  QlH(A)  :=  {xp*;xp  € Qh{-A)}. 

A CP-affine  function  7 : Qh(A)  — > B{H)  is  defined  to  be  transposed  if  the 
product  is  defined  by 

(71  • 72)(t0  = 72(?r)  • 7i(7r)  for  ail  7T  € Repc(A  : H ). 

We  denote  the  set  of  all  transposed  BW-w  continuous  [resp.  bounded]  CP -affine 
functions  from  Q h{A)  to  B(H)  by  AtC(Q h(A),  B(H))  [resp.  A* B{Q h{A),  B(H))]. 

We  note  that  xp*  £ Qh{A)  in  the  C*-algebra  sense,  however  xp*  £ Qh(AS(1)  in 
the  JC-algebra  sense.  We  will  show  in  the  following  that  xp*  £ Qh{A°). 

PROPOSITION  7. 3. A.  Let  A be  a C*-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(^4).  Then, 


A°  = AC{Q*H{A),  B(H))  = A* C{Q h{A),  B(H))  (*- isomorphism ) 


Ill 


PROPOSITION  7.3.B.  Let  M.  be  a W*-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(M)n ■ Then, 

M°  “ AB(QtH(M)n,  B{H))  ^ A* B(Q H(M)n,  B(H))  (*- isomorphism ) 

PROOF:  It  is  enough  to  prove  Part  A.  From  the  CP-duality  for  A proved  in 

Theorem  2. 2. A,  we  have  only  to  check  the  algebraic  isomorphism.  Observe  that 
7rt(( ab )°)  = 7p(6°a°)  = n t(a°)irt(b°)  for  all  a,  b G A , i.e.,  7r‘((-)°)  : A i— ► B(H)  is  a 
*-representation  of  A.  Hence  the  function  defined  by 

7 : 0*  = W V G Q‘H(.4)  ♦ 0*(a°)  = W(a#)V  € H(if) 

is  a CP-affine  function  satisfying  the  product  rule  defined  in  Proposition  2. 2. A,  i.e., 
if  tj,*  = V*1 r*V  € = So  where  7r^  G Replc{A  : if)  with  7rf  ~ ©a7T^ 

and  Va  G B{H ) such  that  V*Va  < i//,  then  for  71,72  G AC (Q^^A),  B(H)), 

(7i  • 72)(0‘)  :=  X]  • 72(0^. 

a 

Thus,  we  proved  A°  — AC{QtH(A),  B{H)). 

The  isomorphism  A°  ~ AlC(Q  h{A),  B(H))  is  clear  since  the  definition  of 
AtC  ( Q(A),B(H ))  is  same  as  AC(Qh{A),B(H))  except  the  order  of  the  product, 
which  should  be  isomorphic  to  A° . | 

Remark.  From  the  above  propositions,  we  have 

QH(A°)  = QtH(A)  and  QH(M°)n  = QtH(M)n- 

It  also  shows  that  the  transposed  CP-affine  functions  7 G AtC(Q/f(A),B(H))  are 
precisely  the  maps 

7 : 0 = F*ttF  G Qh{A)  h-  ip(a°)  = V> \a ) = V*Tr\a)V  G B{H). 
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Now  we  are  ready  to  formulate  our  orientability  condition  in  the  CP-state 
space  of  the  enveloping  C*-  [resp.  W*-]  algebras  for  universally  reversible  JC-  [resp. 
JW-]  algebras.  As  we  defined  in  Chapter  4,  the  abelian  [resp.  non-abelian]  part  of 
the  CP-state  space  Qh(A)  of  a C*-algebra  A is  defined  by  QH(A)ab  Qh  (*4**)“fc 
and  QH{A)n(1b  ■=  QH(A**)”ab  (cf.  Cor.  4.6.(iii)). 

THEOREM  7. 4. A.  Let  A be  a universally  reversible  JC-algebra  and  let  H 
be  a Hilbert  space  with  dimH  > ac(.4).  Then,  A is  the  self-adjoint  part  of  some 
C*- algebra  A if  and  only  if 

Qh{C*(A))  = Q H(A)nab  ©CP  ©CP  QH{A)ab- 

THEOREM  7.4. B.  Let  M be  a universally  reversible  JW-algebra  and  H be 
a Hilbert  space  with  dimH  > or c(M)n.  Then,  M is  a self-adjoint  part  of  some 
W*- algebra  M if  and  only  if 

Qh(W(M))„  = QH(M)™b  (Bcp  Q‘„(M)Tb  ®Cp  QH(Mr„i 

PROOF:  We  first  prove  Part  B.  Assume  M — Msa  for  some  W*-algebra  M. 
Then  by  [45:  7.4.15], 

W*(M)  = {a®b°  eM®M°-,a -be  Mnab}, 

or  equivalently, 

W*(M)  = Mnab  © M°nab  © Mab. 

Let  xj)  = \ * ttV  e QH(W*(M)n)  where  7r  is  a normal  ^-representation  of  W*(M) 
on  a Hilbert  space  Hn,  and  V e B(H,Hn).  We  can  set  tt  = tti  0 tt2  0 tt3  where  t r,- 
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(?'  = 1, 2, 3)  is  a normal  ^-representation  of  Mnab,  M°nab  and  M ab  on  a Hilbert  space 
Hni  respectively  with  Hn  = ®3i=lHKi , and  set  V = V\  © V2®  V3  with  V{  € B(H.  Hn{ ) 
(i  — 1,2,3)  satisfying  V*V  = V*V, ; < Ih ■ Then  for  any  a © 6°  ® c € W*(M) 

with  a,b  £ M„ab,c  € Mab , we  have 

rp  = (©?=iV<r(©7rt)(a  ® 6°  © C)(©*=1K) 

= Vi*7n(a)Vi  + V2*7r'(6)V2  + V3mir3(c)V3. 

Since  7Tj  and  Vi  are  uniquely  determined  by  ip,  we  have  the  desired  CP-split  decom- 
position. 

Conversely,  assume  the  prescribed  CP-decomposition,  i.e., 

Qh(W-(M))„  = QH(M)Tb  Step  Q'„(M)?b  ©Cp  QH(M)-b 

— QH(Mnab)n  ©CP  (-Mrta&)n  ©CP  Qti(Mab) n 

Then,  by  the  CP-duality  for  W*(M),  and  for  M°  (Proposition  7.3.B),  we  have 

W*(M)  = Mnab  © M°nab  © Mab  = W'{Msa), 

where  we  used  again  [45;  7.4.15]  in  the  last  equality.  Clearly,  M C Msa  from  the 
expression  of  Q//(W*(M))n.  Hence,  by  Lemma  7.1.B,  we  conclude  M = Msa. 

Part  A follows  from  Part  B,  since  A is  the  self-adjoint  part  of  some  C*-algebra 
A if  and  only  if  its  enveloping  JW-algebra  .4**  is  the  self-adjoint  part  of  the  W*- 
algebra  A** , and  since  C*(A)**  = IV*(A**)  (cf.  [45;7.1.11]).  | 

Remark.  From  Propositions  7.3  and  7.4,  we  immediately  deduce  that,  for  uni- 
versally reversible  JC-algebra  A [resp.  JW-algebra  M ] , there  exist  ^isomorphisms 
C*{A)  = C*(A)°  and  W*(M)  = 


114 


Theorem  7. 4. A [resp.  B]  gives  an  orientability  condition  in  Q h(C*(A))  [resp. 
Qjj{W*(M))n].  To  get  a simpler  formulation  of  the  condition  directly  in  the  CP- 
state  space  Qh{A ) [resp.  Qn(M)n],  we  make  a closer  study  of  the  connection 
between  Qh(C*(A))  and  Qh{A)  [resp.  Q//(kF*(M))n  and  Q//(M)n].  The  following 
is  a direct  consequence  of  Theorem  7.4. A and  B. 

COROLLARY  7. 5. A.  Let  A be  a JC-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(A).  If  A is  the  self-adjoint  part  of  some  C*-algebra  A,  then  for  any 
xp  £ Qh(A),  there  exist  *- representations  tt\,  tt2  of  A and  V)  G B(H.HW{)  ( i = 1,2) 
with  Ei=i  K — In,  such  that  xp  is  written  as 

lP  = V]*7T1V1+V2*X<V2. 

COROLLARY  7.5.B.  Let  M be  a JW-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(M)n . If  M is  the  self-adjoint  part  of  some  W*-algebra  .W , then  for  any 
ip  € Qh(M)u,  there  exist  normal  * -representations  it i , i r2  of  M and  Vi  G B(H.  Hw< ) 
(*  = 1,2)  with  E?=i  V?Vi  < ///,  such  that  x p is  written  as 

TP  = V*n1Vl+V2*7Tt2V2. 

PROOF:  It  is  enough  to  prove  Part  A,  since  the  Part  B is  obtained  from  the 

same  arguments  taking  the  normal  part. 

From  Theorem  7.4.  A,  there  exist  non-abelian  representations  ki  ,k2  of  A and  an 
abelian  representation  k0,  and  W{  G B(H,  HKi ) (t  = 0, 1, 2)  with  E?=o  W*Wi  < IH, 
such  that  xp  is  written  as 


0 = W*KlWx  + W*k\W2  + Wq  ko Wo . 
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Set 


7T i — K\  ® Kq 


7T2  = «2  0 «0 


and  V\  = W\  0 ~^=Wq 

V2 

and  V2  = W2  0 — 7=^0* 

V2 


Then, 


= Fj*  7Ti  Fl  + Fj*  ff2V2  with 


2 


2 


Y,v?vi  = Y'W:wi<iH. 


i 


Unfortunately,  the  above  expression  is  not  unique  in  general.  We  give  an 
counter  example  to  illustrate  this  situation.  To  simplify  our  argument,  we  assume 
that  a JC-algebra  A is  the  self-adjoint  part  of  a C*-algebra  A with  no  one  dimen- 
sional representation,  hence  C*(A)  = A 0 A°  (cf.  Theorem  7. 4. A). 

Let  t be  a cyclic  representation  of  A with  cyclic  vector  £ (||£||  = 1),  and 
define  F 6 B(H,Hn ) by  Vk  = (fc,/i)£  for  a fixed  h £ H with  ||/i||  = 1 and  for 
all  k £ H.  We  then  define  «/’,  = V* KiVj  £ Qh{C*(A ))  (i  = 1,2)  where  k,  is 
the  ^-representation  on  Hn  0 Hw  defined  by  kj  = n 0 0 and  k2  = 0 0 re , and 
Vi  € B(H,  Hn  0 Hn)  is  defined  by  V\  — V 0 0 and  F2  = 0 © F respectively.  By  the 
same  argument  in  Proposition  1.5,  for  any  a ® 6°  £ C*(A),  we  have 


M*  © 6°)  = V* Ki(a  0 b°)V\  = F*7r(a)F  = (tt (a)£,£)Pfc, 

02(a0i°)  = F2*K2(a0  6°)F2  = F*t r(6°)F  = (tt‘(6)£,  £)Pa. 

We  assume  that  the  transposed  representation  is  given  by  7r‘  = Jnn*  where 
Jn  is  an  antiunitary  operator  on  HK,  and  we  assume  here,  as  a particular  case,  that 


116 


7r  and  J-k  are  chosen  so  that  Jn  leaves  £ invariant,  i.e.,  = £.  (If  7r  is  irreducible, 

this  requirement  is  always  possible.)  Then, 

02(a©6°)  = (JMbyj^oPu  = 

Noting  .4  = Aaa  = {a  © a0;  a £ A)  C C*(A)  (cf.  [44;  Cor. 4. 5]),  we  have 
ipi(a  © a°)  = </>2(a©<z°)  = (7r(a)f , £)Pft  =w^(a)P*. 

i.e., 

ip\  1.4  = V*irV  = V*ixtV  — ip2\A  while  ip\  ^ ipi- 

In  the  above  example,  the  state  u„Ph  £ Qh{A)  extends  to  two  different  CP- 
maps  in  its  enveloping  C*-algebra  C*(A),  i.e.,  ipx  €:  Qh(A)  and  ipi  € QlH{A)  = 
Qh(A°),  each  of  which  corresponds  to  the  choice  of  orientation  on  A , i.e.,  A or  A0 . 
We  are  now  in  the  position  to  realize  that  the  CP-state  space  can  throw  new  sight 
on  the  orientability  condition. 

DEFINITION  7.6.  Let  -4  be  a JC-algebra  and  H be  a Hilbert  space.  Then , 
for  each  ip  = V* kV  £ Q h(C*{A)),  we  define  the  transposed  CP-state  ipT  £ 
Qh{C*(A))  of  ip  by 

ipT  :=  V*{k1  o$)F  = ^o$ 

where  $ is  the  canonical  *-anti-automorphism  of  C*(A).  We  define  ip  £ Qh(C*(A)) 
to  be  symmetric  if  ipT  = ip.  We  denote  by  QSH(C*{A ))  the  set  of  all  symmetric 
CP-states  in  Qh{C*{A)).  Similarly,  we  can  define  Q3H(W*(M))n  for  a JW-algebra 
M. 


Remark.  Note  that  iP^\a  = ip1  since  A is  ^-invariant. 
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In  order  to  understand  the  meaning  implied  in  the  above  definition,  let  us  find 
the  expression  of  the  symmetric  elements  in  the  particular  case  that  A = Aaa  for 
a C*-algebra  A with  no  one  dimensional  representation  (i.e.,  C*(A)  = A © .4°). 
Let  rp  = V*kV  € Q h{C*(A)).  As  we  saw  in  the  proof  of  Theorem  7.4,  we  can  set 
k — 7ri  ® 7T2  with  ^-representations  7Tj  (i  = 1, 2)  of  A on  HKi , and  V = V\  ® V2  with 
V,-  e B(H,  Hni ).  Then,  for  all  a © b°  € A © A°  = C*(A), 

rp(a  0 b° ) = V\V\(a)V\  + V2n 2(b)V2  = <pi(a)  + <p2 (b), 

where  we  set  <pi  = V*n,Vi  6 Qh(A)  ( i = 1,2).  Recalling  4>(a0  6°)  = b 0 a°  (e.g., 
[44]),  we  have 

*pT(a  © 6°)  = (V,  0 V2)m(n[  © tt‘  )(b  0 a°)(V i 0 V2) 

= V;7r{(&)Vi  +V2*tt  2{a)V2 

= + 92(a) 

It  follows  from  this  that  tpT  = ip  if  and  only  if  t pi  = p>2,  i.e.,  every  symmetric 
element  ip  € Q3H(C*(A ))  is  of  the  form 

ip  = nv  + Wv 

where  7r  is  a ^-representation  of  C*(A)  on  if*  and  V £ L?(JT,  #„.)  with  2V*V  < /w, 
or  simply  we  can  write 

^ = ^(9  + 9')  with  ?€Qh(A). 

DEFINITION  7.7.  Let  A be  a JC-algebra  and  H be  a Hilbert  space,  and 
let  xpi  = V* piVi  € Qh{A)(1  = 1,2).  Then,  we  say  that  tp\  and  tp2  are  transposed 
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equivalent  if  ipi  = ip\,  and  write  ip\  ~ t/’2-  We  denote  by  Qh{A)  the  set  of  all  trans- 
pose equivalence  classes  of  Qh{A),  and  call  Qh{A)  the  reduced  CP-state  space  of 
A.  Similarly,  for  a JW-algebra  M,  we  define  the  reduced  normal  CP-state  space  of 
M and  denote  it  by  Qw(M)n. 

PROPOSITION  7. 8. A.  Let  A be  a universally  reversible  JC-algebra , and  H 
be  a Hilbert  space.  Then,  QSH{C*(A ))  is  mapped  bijectively  onto  Qh(A)  by  the 
restriction  map. 

PROPOSITION  7.8. B.  Let  M be  a universcdly  reversible  JW-algebra,  and  H be  a 
Hilbert  space.  Then,  QsH(W*{M))n  is  mapped  bijectively  onto  Qff(M)n  by  the 
restriction  map. 

PROOF:  It  is  enough  to  prove  Part  B since  QSH(C*(A ))  = QsH{W*(A**))n. 

Let  fi,02  € Q3h(W*(M ))  and  assume  r{ipi)  ~ r{ip2),  he.,  ip\  = ipf  = V\  0 
(V>2  = v%  = 0 and  (a)  = ip2{a)  or  V’i(a)  = ip2{a)  for  all  a G M.  Note  that, 

for  any  x G W*(M)sa,  |(x  + $(x))  £ W*(M)*a  = M (see  Proof  of  Lemma  7.1.B), 
so 

+ $(*)))  = 02(^(a;  + $(x)))  or  ip\{\{x  + $(x)))  = ^(i(x  + $(z))), 

i.e., 

~(4>l(x)  + (0!  o $)(*))  = ^(tp2{x)  + {ip 2 o $)($)) 

or 

+ (^1  0 $)(*))  = + (V»2  0 $)(*))• 
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Substituting  0,-  o $ = 0-  and  0t-  o $ = 0,-  ( i = 1, 2),  we  have  in  the  both  cases 
ip\(x)  + 0{(x)  = 02(x)  + V4(x)  f°r  a^  x ^ W*(M)aa, 

so  that 

01  + 01  = 02  + 02- 

It  follows  from  this  that  ip\  — 02  = — (0i  — fa)1,  so 

0i  - 02  € n C W*(M),  B(H))n  = CB(W*(M),B(H))anb , 

so  that  (0i  — 02 )*  = 0i  — 02-  Hence,  we  have  0i  — 02  = — (0i  — 02),  i.e.,  0i  = 02- 
Thus,  r is  a one  to  one  map  from  Q^(I'Vr*(A/))n  to 

To  see  that  it  is  onto,  let  0 € Qh{^)tx  and  define  0s  :=  |(0  + 0r)  where  0 
is  the  canonical  extension  of  0.  Clearly,  0s  € Q//(tP*(M))n,  and 

r(0s)  = ^(r(0)  + K0T))  = ^(K0)  + r(V’<  0 $))  = ^(0  + 0‘)  ~ 0- 

Hence,  r(Q‘„(W*(M))n)  = Qn{M)n.  | 

Note  that  the  reduced  CP-state  space  Qn(A)  is  a CP-convex  set,  since  Q3H 
(C"*(.4))  is  CP-convex  and  Qh{A)  = r(QsH(C*(A))). 

PROPOSITION  7. 9. A.  Let  A be  a JC-algebra  and  H be  a Hilbert  space  with 
dimH  > <*C(A).  Then, 

A = AC(Q ff(A),  B(H)3a  ) (Jordan  isomorphism ) 

Proposition  7.9.B.  Let  M be  a JW-algebra  and  H be  a Hilbert  space  with 
dimH  > ac(M)n.  Then 

M = AB(Q H(M)n,  B(H)sa)  (Jordan  isomorphism ) 
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PROOF:  It  is  sufficient  to  prove  Part  B,  since  Part  A is  obtained  from  Part 

B by  taking  M = A**  and  considering  the  BW-w  continuous  elements. 

We  consider  the  following  diagram; 

\V*(M)  AB(QH(W'(M))n,B(H))sa 

T T (s°r)* 

M -U  AB(QH(M)n,B(H)sa) 

I 5s 

* \ 

AB(QH(M)n,B(H)3a) 

In  the  above  commutative  diagram,  i and  i denote  the  evaluation  maps,  and 
(sor)5  and  s6  are  the  CP-dual  maps  of  the  restriction  map  (sor)  : Q H{W*(M))n  — » 
Q//(-V/)n  and  the  canonical  quotient  map  s : Q//(M)n  — > Q#(M)n  respectively. 

It  is  straightforward  to  see  that  i is  a injective  embedding.  In  fact,  for  a G M, 
if  xp(a)  = 0 for  all  xp  G then  xp(a)  = xpl( a ) = 0 for  all  xp  G Q//(M)n,  which 

implies  a = 0. 

To  see  that  i is  surjective,  we  need  to  show  s*1  is  injective.  Let  7 G AB(Qh 
{M)n,B{H)sa)  and  assume  jsb(y)(ip)  = 7(s(V0)  = 0 for  all  xp  G Q//(M)n.  By 
Proposition  7.S,  s(xp)  = (s  0 r)(xps)  = (s  o r)(|(^>  + xpT))  where  xp  denotes  the 
canonical  extension  of  xp.  So,  for  all  xp  G Qh{M)u, 

'ris(xp))  = j((s  o r)(^(0  + xpT)))  = (s  0 r)\j)(^(xp  + xpT)) 

= 0 r)l'(7)(V’)  + (50  r)ll(7)(^r)}  = 0. 
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It  is  enoughh  to  prove  the  case  7 > 0,  for  which  we  have  ( s o r)ll(7)  > 0 and 
(s  o r)3( y)(xp)  = (s  0 rY(y)(xpT)  = 0.  Since  xp  moves  all  over  <5//(W*(M))„,  from 
the  CP-duality  of  W*(M),  we  have  ( s 0 r)1,(7)  = 0.  Note  that  ( s o r)*1  is  one  to  one 
since  s o r is  onto,  so  that  we  conclude  7 = 0.  This  proves  the  isomorphism.  | 

We  can  now  reformulate  the  CP-orientability  condition  obtained  in  Theorem 

7.4. 

Theorem  7. 10. A.  Let  A be  a universally  reversible  JC -algebra  and  H be 
a Hilbert  sapce  with  dimH  > ac(.4).  Then,  A is  the  self-adjoint  part  of  some 
C*-algebra  A if  and  only  if.  for  any  ip  € Qh(A),  there  exist  a *- representation 
tt  : .4  — ► B(HW)  and  V € B[H,H„)  with  V*V  < Ih,  such  that  the  symmetric 
extension  ips  of  xp  is  expressed  uniquely  as 

%pa  = -(F*ttF  + FVF), 

i.e.. 

V = + T1)  with  <p  e Qh(A). 

THEOREM  7.10.B.  Let  M be  a universally  reversible  JW-algebra  and  H 
be  a Hilbert  space  with  dimH  > ac(M)n.  Then,  M is  the  self-adjoint  part  of 
some  W*- algebra  M if  and  only  if,  for  any  xp  £ Q H(M)n,  there  exist  a normal 
representation  n : M —>  B(Hn)  and  V £ B(H,Hn)  with  V*V  < Ih,  such  that 
the  symmetric  extension  xps  of  xp  is  expressed  uniquely  as 

Ppa  = i(V*7rV’  + VVV), 
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i.e., 

= + with  <P  € Qh(M)„. 

PROOF:  We  prove  Part  B first.  Assume  that  M is  the  self-adjoint  part  of  a 

W*-algebra  M , and  let  ifr  £ Q//(M)„.  By  Proposition  7.8.B,  i j>  is  uniquely  extended 
to  rj>*  £ Q9H(W*(M))n , and  then  by  Corollary  7.5.B,  rps  is  decomposed  as 

r = V*  7r  x V\  + V*ir\V2  + Fq*  7r0  Vo 

where  7Ti , 7T2  are  non-abelian  normal  representations  and  7 r0  is  an  abelian  normal 
representation,  and  V;  £ B(H.  HKi)(i  = 0,1,2)  with  Ei=o  V*V{  < /#.  We  will 
show  that  the  symmetry  ips  = (ips)T  requires  Vf  it  \ V\  = V2*7t2V2.  In  fact,  noting 
$(a  0 6°  © c)  = b © a°  © c for  a © 6°  ® c £ W*(M)  = A4„a6  © M°ab  © Mab , and 
recalling  the  proof  of  Theorem  7.4, 

(t/P)r(a  © 6°  © c)  = (ip3)1  o $(a  © b°  © c) 

= (Vi  © V'2  © Vo)*(7r{  © 7T2  © 7Tq)(6  © a0  © c)(Vj  © V^  © Vo) 

= VjVK^Fx  + V*1 r2(a)V2  + F0*tt  0(c)V0. 

Thus  i/>s  = (ipa)T  implies  Vi 7Ti  Vj  = V2 tt2 V2 ■ We  set  here  9?  = V*ttV  where  7r  = 
7T 1 © 7To  and  V = \/2V\  ® Vo,  then  7r  : M.  — ► B(HW)  is  a normal  ^-representation  of 
M.  and  V £ B(H,Hn)  with  V*V  = 2^*^  + yo*y0  = E?=o  < Ih  satisfying 
V?  = 2yi‘7r1y1  + yo*7r0V’o  = 2V2*tt2V2  + V*tv0V0  £ QH(M)n.  Hence,  we  have  a simpler 

V = + (pt)  with  V1  ^ Qh(;M)„. 


expression 
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Conversely,  assume  the  unique  expression  of  Q9H(W*(M))n  claimed  in  the 
theorem.  Let  rp  G Then,  by  assumption,  xp9  = ^(9?  + <pl)  where  9?  G 

Qh(M)ti-  It  follows  from  this  that  there  exists  a bijection  by  the  restriction  map 

r:tp€QH(M)n  *-*■  + V7*)  € 

which  is  a CP-affine  isomorphism,  and  further  it  is  an  isometry,  since 

IMI  = llvWII  = IIjMe)  + v>'(e))ll  = 115(9  + 9*)ll- 

Hence,  by  Proposition  7.9.B  and  Theorem  3.7.B,  we  have 

M = AB(Q  H(M)n,  B(H)sa) 

= AB(QH(M)n,B(H)3a) 

= Msa . 

Part  A follows  from  Part  B since  A is  the  self-sdjoint  part  of  some  C*-algebra  A 
if  and  only  if  A**  is  the  self-adjoint  part  of  .4**,  and  note  that  Qn(A)  = Q//(.4**)n 
and  Qh(C'(A))  = QH(W(A"))n.  | 

COROLLARY  7. 11. A.  Under  the  condition  of  Theorem  7. 10. A,  A is  the  self- 
adjoint  part  of  a C*-algebra  A if  and  only  if  Qh{A ) = Qh{A)  (CP-affine  BW- 
homeomorphism  ). 

CORROLLARY  7.11.B.  Under  the  condition  of  Theorem  7.10.B,  M is  the 

self-adjoint  part  of  a W*-algebra  M if  and  only  ifQH{M)n  = QH(M)n  (CP- affine 

CP 

isomorphism). 
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PROOF:  See  the  proof  of  Theorem  7.10.  For  Part  A,  note  that 

r Qh(A)  ^ ~(f  + y>‘)  € Qh(A ) 

is  a CP-affine  BW-homeomorphism  since  r is  a one  to  one  BW-continuous  map 
from  the  BW-compact  set  Qh(A)  onto  Qh(A)  which  is  Hausdorff  in  the  quotient 
topology.  | 

It  will  be  convenient  to  restate  the  orientability  conditions  which  we  obtained 
so  far. 

THEOREM  7. 12.  A.  Let  A be  a universally  reversible  JC-algebra  and  H be  a 
Hilbert  space  with  dimH  > ac(A).  Then . A is  the  self-adjoint  part  of  a C*-algebra 
A if  and  only  if  one  of  the  following  equivalent  conditions  is  satisfied. 

(i)  Qh(C*(A ))  = Qtf(-4)„a&  ®CP  Qtf(*4)na&  ©CP  QH(A)ab 

(ii)  For  any  t/>  £ Qh{A),  there  exists  unique  f € Qh{A)  such  that 

V = 2 (‘F  (f>t)- 

(Hi)  Qh{A ) = Q h(A)  (CP-afRne  BW-homeomorphism) 

C P 

THEOREM  7.12.B.  Let  M be  a universally  reversible  JW-algebra  and  H 
be  a Hilbert  space  with  dimH  > ac(M)n.  Then , M is  the  self-adjoint  part  of  a 
W*-algebra  M.  if  and  only  if  one  of  the  following  conditions  is  satisfied. 

0)  Q h{ W’* (M) ) n = QH(M)nnab  ©CP  QtH{M)nnab  ©CP  QH(M)anb 

(ii)  For  any  6 Qh(M)u,  there  exists  unique  f 6 Qn(M)n  such  that 

t/P  = \(f  +fl). 
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(iii)  Qh(M)ti  — Qh{M)  (CP-affine  isomorphism) 

CP 

We  will  call  Qh(A)  (or  Qn{M)n)  to  be  CP-onentable  if  one  of  the  above 
equivalent  conditions  is  satisfied.  Note  that  the  CP-orientability  conditions  are 
symmetric  with  respect  to  the  initiative  of  QH(A)nab  or  QtH(A)nab , e.g.,  the  con- 
dition Theorem  7.12. A.(iii)  could  be  stated  Qh(A)  = QtH(A).  Hence,  if  Qh(A)  is 

CP 

CP-orientable,  we  can  give  it  an  orientation  which  corresponds  to  A or  A°. 

PROPOSITION  7. 13.  A.  Let  A be  a universally  reversible  JC-algebra  and  H 
be  a Hilbert  space  with  dimH  > ac(A),  and  assume  that  Qh(A ) is  CP-orientable. 
Then,  the  orientation  is  defined  on  each  open  and  closed  CP-split  face  of  Qh{A). 

PROPOSITION  7.13.B.  Let  M be  a universally  reversible  JW-algebra  and 
H be  a Hilbert  space  with  dimH  > ac(M)n,  and  assume  that  Qh(M)u  is  CP- 
orientable.  Then,  the  orientation  is  defined  on  each  CP-split  face  of  Qh(^)ti- 

PROOF:  Part  B:  By  the  CP-duality  between  W*(M)  and  Q//(W*(M))„, 

the  CP-direct  decomposition  of  Q //(W*(M))n  corresponds  to  the  algebraic  decom- 
position of  W*(M),  and  the  orientability  conditions  given  in  Theorem  7.12.B  are 
all  independent  to  each  CP-split  face  of  Q//(TV*(M))n,  hence  of  Q3H(W*(M))n(= 
QH(M)n).  This  proves  our  claim  for  W*-algebra  case. 

Part  A:  The  same  argument  is  not  applied  for  C*-algebra  case  in  general. 
However,  if  there  exists  an  open  and  closed  central  projection  p € .4,  then  by 
Proposition  4.16,  .4  is  decomposed  into  the  algebraic  direct  sum  A = Up  © Ue~p  — 
pAp  © (e  — p)A{e  — p),  and  the  orientation  is  defined  independently  on  each  direct 
summand  from  the  previous  argument  for  the  W*-algebra  case.  | 
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Remark.  P.J.  Stacey  [70]  showed  that  the  state  space  of  a JBW-algebra  of 
complex  type  (see  Appendix  3 for  definition)  is  orientable  if  and  only  if  it  is  locally 
orientable.  i.e.,  for  each  pure  state  w,  the  closed  split  face  generated  by  u>  is  ori- 
entable. Our  result  (Proposition  7.13.B)  claims  just  the  “normal  part”  of  the  local 
orientability. 

We  now  study  the  relation  between  our  CP-orientability  condition  on  the  CP- 
state  spaces  and  the  3-ball  orientability  condition  for  the  state  spaces  of  JB-algebras 
of  complex  type  (see  Appendix  3 for  definition)  studied  in  [4],  [6],  [47],  [68],  [69]. 
We  recall  here  that  a JB-algebra  .4  of  complex  type  is  characterized  by  the  3-ball 
property  ([4]),  i.e.,  for  any  pure  states  <7,  r € P{A),  the  face({<7,  r})  generated  by 
a and  r is  affinely  isomorphic  to  a 3-dimensional  ball  if  a ~ r,  and  isomorphic 
to  the  line  segment  [a,  r]  if  a ^ r.  It  is  shown  in  [4]  that  the  self-adjoint  part 
of  a C*-algebra  is  of  complex  type,  and  that  every  JC-algebra  of  complex  type  is 
universally  reversible. 

At  first,  it  should  be  noted  that  the  setting  of  these  approaches  have  subtle 
difference,  i.e..  our  CP-orientability  conditions  are  stated  in  the  general  setting  of 
universally  reversible  JC-algebras,  which  enabled  us  to  formulate  our  orientability 
conditions  without  reference  to  3-ball  property  and  in  parallel  for  both  C*-  and 
W*-algebras,  while  the  orientability  condition  for  the  normal  state  space  of  JBW- 
algebras  of  complex  type,  in  the  context  of  3-ball  property  discussed  in  [47],  turned 
out  to  be  very  elabolate,  since  there  may  not  be  pure  states  in  the  normal  state 
space  of  JBW-algebras. 
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In  the  following,  we  will  show  that  there  exists  a close  relationship  between 
3-ball  orientability  and  CP-orientability  if  we  restrict  our  attention  to  JB-algebras 
of  complex  type. 

We  recall  from  [4]  that  the  state  space  5(A)  of  a JB-algebrea  of  complex  type 
is  said  to  be  orientable  if  the  Z2  bundle  A(E3 , S(A))/S0(3)  — ♦ A(E3 , 5(A))/0(3)  is 
trivial,  where  A(E3 , 5(A))  denotes  the  set  of  all  affine  maps  from  3-dimensional  ball 
E3  onto  3-balls  on  5(A)  with  the  topology  of  point  wise  convergence  and  groups 
50(3)  and  0(3)  are  acting  continuously  on  A(E3 , S(A))  as  composition.  It  is 
shown  in  [68;  Lemma  2]  that  the  dual  map  of  a ^-preserving  Jordan  homomorphism 
<p  between  JB-algebras  A{  (i  = 1,2)  of  complex  type  maps  3-balls  onto  3-balls. 
Then.  <f>*  : 5(Aj)  — + 5(A2)  is  said  to  be  orientation  preserving  if  it  preserves  the 
orientation  of  each  3-ball,  i.e.,  if  (f>*(Bi ) = B2  with  3-balls  Bi  (i  = 1,2),  det(6 J1  0 
<f>*  odi)  = 1 for  any  parametrization  : E3  — > £?,  (i  = 1,2)  in  the  given  orientation 
defined  from  the  GNS-representation  associated  with  the  pure  states  of  B,.  (see 
[68],  [69]  for  details).  We  will  show  directly  the  relation  between  the  orientation 
preserving  maps  and  CP-affine  maps  as  follows. 

PROPOSITION  7.14.  Let  A\  and  A2  be  united  C*-algebras  and  let  H be 
a Hilbert  space  with  dimH  > supI=1  2 £*C(A,).  If  'L  : Qh(A  1)  — > Qh(A2)  is  a 
CP -affine  isomorphism,  then  'I'Ism,)  : 5(Ai)  -4  5(A2)  preserves  3-balls  and  their 
orientation.  Conversely,  if  To  : 5(Ai)  —*  5(  A2 ) is  an  affine  isomorphism  which 
preserves  3-balls  and  their  orientation,  then  it  induces  a CP-affine  isomorphism 

^■■Qh(A1)-^Qh(A2). 
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PROOF:  Let  cr, r € P(A\)  with  a ~ r.  We  recall  that  cr  and  r can  be 

expressed  as  one  dimensional  CP-states,  i.e., 

Vv  = PU*aTtaUaP  and  il>r  = PU*TnrUrP 

where  tt*  and  nr  are  the  GNS-representations  associated  with  a and  r respectively, 
and  Ua  : H — ► H Ur  : H — > Hr  are  onto  partial  isometries,  and  P is  a one 
dimensional  projection  on  H (cf.  Proof  of  Theorem  2.2). 

It  is  straightforward  to  see  that  'l'(cr),  'J'(r)  6 P(,42);  since  'I'  is  a CP-affine 
isomorphism,  it  maps  one  dimensional  pure  rays  of  Qh(A\)  (=  P(,4i))  onto  one 
dimensional  pure  rays  of  Q//(-42)  (=  P(*42)).  We  also  note  that  'l'(cr)  ~ 'l'(r).  In 
fact,  since  a ~ r,  there  exists  a unitary  u € A\  such  that 

U^rUr  = U*Tta{u*(-)u)Ur  = a(u)*U a(K^U, *)[/>, 9{u)U  r 

(cf.  [28;  Cor.  2.8.6])  so  that 

ViUtirrUr)  = (UZna(u)UT)*ty(U*,KaUv)(UtT»  1ta(u)UT), 

i.e., 

**(r)  ^ ^(U*XTUr)  ~ ${U*lT(TU<r)  ~ 7T#(,), 

which  implies  ^(cr)  ~ ^(r). 

Clearly,  ’I'lsf.-t,)  : *S'(-4-i ) — ) ► S(.42)  is  an  affine  isomorphism,  so  that  it  induces 
a ^-preserving  Jordan  isomomorphism  (e.g.,  [19;  Th.3.2.3]).  Hence,  by  [68;  Lemma 
2],  ^ maps  the  3-ball  P(cr,  r)  onto  the  3-ball  P('I'(<r),  'P(r)).  We  have  to  show  'I' 
preserves  the  orientations  of  these  3-balls. 
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Let  pi  £ V{A**),  P2  £ V(A?)  be  the  projections  corresponding  to  the  projec- 
tive faces  B(ct,t)  and  'I'(t))  respectively.  We  will  show  that  the  CP-dual 

map 

*':UPi(A?)  = P2A'2*P2  — + UPl(Ar)  = PiAVPi 

is  2-positive.  Then,  Choi’s  result  [23;  Cor.  3.2]  claims  that  every  2-positive  *-Jordan 
isomorphism  is  a ^-isomorphism,  i.e.,  it  preserves  orientation,  which  completes  our 
proof. 

To  see  this,  let  7,y  6 P2A2*P2  — AB(FH(p2),B(H))(i,j  = 1,2)  (cf.  Theorem 
4.9).  and  consider  the  induced  map 

jyS  .fl/n  7l2\  /^(Tii)  ^H7i2)\ 

2 ‘ \72i  722  / V^S(72i)  ^(722) ) ' 

Assume  that 

5^(7 i,j(v)£i,Zj)  > 0 for  all  6 FH(p2)  and  £ H (i,j  = 1,2), 

ij 

then,  for  any  tj>  £ T'h(pi))  'I' (VO  £ -ftf(P2)<  so  that 

> 0. 

i,j  ‘J 

This  shows  that  'J'l)  is  2-positive. 

Conversely,  suppose  that  'Lo  : SMi)  — * 5(^2)  is  an  affine  isomorphism  which 
preserves  3-balls  and  their  orientation.  Then,  by  [19;  Th.  3.2.3],  : A2  —>■  A\  is 

a ^-preserving  Jordan  isomorphism,  and  under  this  condition,  [68;  Prop. 3]  shows 
that,  for  each  irreducible  representation  tt  £ Irr(Ai),  n o 'I'g  is  an  irreducible 
representation  of  A2,  i.e.,  tc  0 £ Irr{A2).  This  shows  that  the  CP-dual  of  tfJJ, 
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which  we  denote  by  induces  a non-flip  CP-affine  isomorphism  ^ : Qh(A\)  = 
Qh{-A 2).  This  completes  the  proof.  | 


CHAPTER  8 


CP-GEOMETRIC  REALIZATION  OF 
TOMITA-TAKESAKI  THEORY 

In  this  chapter,  we  study  the  standard  structure  of  W*-algebras  in  our  setting 
of  CP-convexitv.  We  shall  first  show  that  every  W*-algebra  has  a faithful  nor- 
mal CP-state  which  is  shown  to  be  the  counterpart  of  a faithful  normal  semi-finite 
weight  in  the  usual  theory,  and  we  define  the  standard  representation  by  ”CP- 
GNS  construction’’.  By  letting  the  opposite  algebra  play  the  role  of  the  non-spatial 
commutant,  we  generalize  the  standard  structure  in  non-standard  normal  represen- 
tations. and  realize  Tomita-Takesaki’s  anti-isomorphism  theorem  in  the  setting  of 
CP-duality;  this  was  not  realized  when  we  stayed  in  the  scalar  convexity. 

We  shall  next  study  the  hyperstandard  structure  of  W*-algebras.  We  fo- 
cus on  Connes's  approach  to  orientability  condition  through  the  derivations  of  a 
homogeneous  self-dual  cone,  which  is  the  abstract  generalization  of  the  natural  self- 
dual cone  of  a standard  von  Neumann  algebra,  and  clarify  its  relation  with  the 
CP-orientability  condition  obtained  in  Chapter  7.  Our  arguments  are  based  on 
the  CP-duality  of  the  enveloping  W*-algebra  of  the  self-adjoint  derivations,  which 
has  the  structure  of  real  Jordan  and  Lie  algebra,  where  we  can  see  interesting 
overlaps  between  the  Tomita-Takesaki  theory  and  the  structure  theory  of  JBW- 
algebras.  This  approach  also  enables  us  to  represent  the  bounded  ^-derivations  and 
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^-automorphisms  in  our  CP-geometrical  setting.  We  shall  finally  discuss  Tomita- 
Takesaki’s  one-parameter  modular  group  for  JW-algebras.  (The  cr-finite  case  has 
already  been  obtained  by  U.  Haagerup  and  H.  Hanche-Olsen  [42]). 

DEFINITION  8.1.  Let  A be  a C*-aJgebr a and  let  H be  a Hilbert  space.  A 
CP-state  x f 6 Qh{A)  is  defined  to  be  faithful  if  xp(a)  = 0 for  a € A+  implies  that 
a = 0. 

Let  M be  a W*-algebra.  For  each  if  € Qh(M )n,  we  define  the  support 
projection  s(xf)  of  if  by 

s(xp)  :=  A{p  G V{M)  : if  G FH(p)}. 

For  v ,<p  G Q//(A4)n,  we  write  xp  _L  if  s(xp)  L s(<p)  and  we  say  that  xp  and  p>  are 
mutually  orthogonal.  Relatedly,  we  define  the  support  projective  face  F^ [0]  of  xb  by 

FH[rf]  :=  A {FH{p)  : if  G FH{p)}  (=  FH(s(xp))). 

Lemma  8.2.  Let  M.  be  a W*-algebra  and  H be  a Hilbert  space.  Then  the 
following  conditions  are  equivalent. 

(i)  xp  € Qh{M)u  is  a faithful  normal  CP-state. 

(ii)  s(xp)  = e 

(Hi)  FH[xp]  = Qf{(M)n 

PROOF:  (i)  (ii)  : (±xp)+  = {c6  yVf  + : xp(a)  — 0}  is  a w*-closed  hereditary 

subcone  of  M. + . Let  po  G M be  the  support  projection  of  the  order  ideal  generated 
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by  (-Lt/>)+.  Then, 


Po  = V{p  € V(M)  : 0(p)  = 0} 

— e — A{<?  = e — p 6 V(M)  : 4>(p)  = 0} 

= e - A{g  € :P(A4)  : G T//(9)} 

— t — s(t/>) 

Hence,  (-Li/>)+  = poM+po  = 0 if  and  only  if  s(V>)  = e. 

(ii)  & (iii)  : This  is  immediate  from  the  definition.  | 

DEFINITION  8.3.  Let  M be  a W*-algebra.  We  denote  by  Qcr{M ) the  maximal 
cardinality  of  the  mutually  orthogonal  projections  in  M. . 

Remark.  We  note  that,  if  M.  is  cr-finite,  then  qit(M)  < ac(j\4).  In  fact,  in 
this  case  M.  has  a faithful  normal  state  u>q,  and  M.  is  represented  standardly  by  the 
GNS-representation  associated  with  u;o-  Then,  a family  of  mutually  orthogonal 
projections  (ei);e/  in  M forms  an  orthogonal  set  in  HWo  since  u;0(e* ej)  = 0 for  i j 
and  u>o(ej)  ^ 0 for  all  i £ I,  and  note  that  7rWo  is  a cyclic  representation.  aa(M) 
is  also  defined  as  the  cardinality  of  maximal  family  of  mutually  orthogonal  normal 
CP-states. 

PROPOSITION  8.4.  Let  M.  be  a W*-algebra  and  let  H be  a Hilbert  space 
with  dimH  > Then,  M has  a faithful  normal  CP-state  in  Qfi(M)n. 

PROOF:  Let  (it j),-e/  be  a maximal  family  of  normal  cyclic  representations 

whose  supports  s(iri)  are  mutually  orthogonal,  and  for  each  i £ I , let  be  a cyclic 
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vector  of  7r,  with  ||&||  < 1.  We  then  take  V G B(H,Hn{)  such  that  G V-ff  and 

E,6;  V?V,  < Ih. 

For  instance,  we  can  set 

Vih  = (h,ei)£i  for  h G H and  i G I 
where  (e,h6/  is  an  orthonormal  set  in  H.  Then,  Vie,-  = and,  for  any  h G H. 
i.(Y,V;Vi)h,h)  = Y,(Vih,Vik)  = £|(Mi)|2||&f  < (h,h), 

iGl  i£l  i£l 

so  that  we  have  indeed  Yh^i  — ^H- 

We  set  7r  = ®ig/7r,  and  V = ®,-g/V'  and  define  0o  = V*irV  = Eigj 

Then,  ||0o||  = ||0o(e)||  = ||  E.g/ ^7*^11  < ||///||  = 1,  and  0O  is  normal  since  0O 

is  the  limit  of  a bounded  increasing  net  in  Qiri(-M-)n,  so  that  for  any  h G H, 

(t/>0(-)/i,/i)  G Q{M)n  by  Ogasawara’s  theorem  ([58;  Th.  5]),  i.e.,  0o  G QH{M)n- 

00  is  faithful  since  F//[0 o]  = Qh{M)tx  by  the  maximally  of  (tt j),g/  and  Lemma 
8.2.  This  completes  the  proof.  | 

Remark.  Let  0 o = Eig/V’i  with  0,-  = V*XiVi  be  the  faithful  normal  CP- 
state  in  the  proof  of  Proposition  8.4,  and  assume  that  dim  ess.  suppxpi  = 1 for  each 

1 G I.  Then,  by  Proposition  1.5.B,  each  0*  is  regarded  as  a quasi-state  0j  = w,(-)P,, 
and  t’o  is  regarded  as  an  “infinite  sum”  of  u>{  G Q{M)n ■ More  precisely,  consider 
Tr(0o(-))  : M+  — ► [0, +oo]  where  Tr  denotes  the  trace  on  the  Hilbert  space  H , 
i.e.,  Tr(A')  = Eo€A(^Q,e0)  where  (ea)QgA  is  an  orthonormal  basis  of  H.  It  is 
straightforward  to  show  by  the  standard  argument  (e.g.  [76])  that  Tr  0O  is  a faithful 
normal  semi-finite  weight.  If  M is  cr-finite  (i.e.,  aa(M)  = K0)  and  E,g/  IMII  = 1, 
then  Trxb 0 is  a faithful  normal  state. 
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The  above  remark  shows  that  weights  appear  here  as  the  trace  of  infinite 
dimensional  CP-states.  We  now  generalize  the  GNS-construction  to  CP-states  so 
that  it  includes  the  semi-cyclic  representations  associated  with  weights. 

Let  A be  a C*-algebra  and  H be  a Hillbert  space.  Assume  that  we  are  given 
a CP-state  ip  = V*irV  6 Qh{A).  We  define 

Af  = {a  E A;  ip  (a*  a)  = 0}. 

Then.  Af  is  a norm  closed  left  ideal  of  A.  since,  for  a E A and  b E Af, 

ip((ab)*{ab))  = ip(b*a*ab ) < ||a||2i/>(6*6)  = 0, 

so  that  ab  E Af.  Consider  the  quotient  space  A/Af,  and  define 

(x,y)^  :=  Tr  ip{y*x)  for  x,  y E A/Af. 

Similarly  as  the  GNS-construction,  we  can  show  the  following. 

PROPOSITION  8.5.  In  the  situation  described  above, 

(1)  Trip  is  a weight,  i.e.,  the  mapping  Trip  : A+  — ► [0,  +oo]  satisfies 

(i)  Tr  ip(x  + y)  = Tr  ip(x)  + Tr  ip(y) 

(ii)  Trip(Xx)  — XTrip(x)  for  X > 0 

(2)  defines  an  inner  product  on 

A$  :=  {x  E A/Af ; Trip(x*x)  < +oo} 

= {x  E A/Af;  ip(x*x)  E T(H)  ( the  trace  class  operators  on  H)j 
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(3)  A is  represented  on  the  Hilbert  space  Tt^  :=  (the  completion  of  A^ 
by  ('?  • )v> ) 3s  the  operators  n^{a)  (a  G A)  which  are  defined  to  be  the  co- 
ntinuous extension  of  the  map 

a : x + Af  G A $ ax  + Af  G A^. 

PROOF:  (1)  and  (2)  are  immediate.  For  (3),  we  note  that,  for  a G A and 

Xi  y £ Hxp, 

{‘K1/J(a*a)x,y)ri,  = Trip(y*Tr1p(a*)n7p(a)x) 

< ||a||2Tr  ip{y*x) 

= IM|2(®,y)*> 

so  that  7 i>(a)  G for  a € .4+.  By  the  linear  combination  a = ai  —02+1(03  —04) 

with  a,  G .4+  (1  < i < 4),  we  conclude  that  n^(a)  G B(Tt^)  for  all  a G >1.  | 

DEFINITION  8.6.  We  call  the  representation  (ir constructed  above  the 
CP-GNS  representation  of  A associated  with  the  CP-state  ip  G Qh{A). 

Remarks.  1.  If  A is  a W*-algebra  M:  and  ip  G Qij(M)n  is  a normal  CP- 
state.  then  Trip  is  normal  (i.e.,  Tr  r/>(sup,  X{)  = sup  iTrip(xi)  for  Xi  G M + ),  hence 
7T0  is  a normal  representation. 

2.  7r^,  is  not  cyclic  in  general;  but  if  e G then  7r^  is  cyclic. 

3.  If  ip  G Q(A)  (a  quasi-state,  i.e.,  dim  ess.  suppip  = 1),  then  the  above 
procedure  reduces  to  the  usual  GNS-construction. 

4.  ip  can  be  considered  as  a bounded  linear  operator  from  the  Hilbert  space 
H %i>  to  the  Hilbert  space  TLS{H)  (the  class  of  Hilbert-Schmidt  operators  on  H ) with 
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the  inner  product  (X, Y)  = TrY*X , since,  for  x E 7 

IW*)IIks(«)  = Tr  »(*)>(*))  = Tr(V'V(I)K)'(y-7r(i)V') 

< \\V\\2Tr(V-K(x-x)V)  < ||V||2TrV-(x*x)  = ||V||2||x|l5,. 

If  we  denote  the  norm  of  this  operator  by  § • §,  then  §0§  < ||V||  = || t/> ||  ^ . 

PROPOSITION  8.7.  Let  A be  a C*-algebra  and  H be  a Hilbert  space.  If 
ip  6 Qh(A)  is  a faithful  CP-state,  then  Trip  is  a faithful  weight. 

PROOF:  Let  0 = V*nV  be  the  canonical  expression,  and  let  (e,),g/  be  an 

orthonormal  basis  of  H.  Observe  that,  for  a E A 

||  VfTr  V>(a‘a)  = ||  Vf  ^(V.(a‘a)ej,  e.)  = ||  Vf  £(  Vn(a‘  Wa)Ve„  e.) 

t£l  iel 

> QR.IVnr+lVIe,,  =.)  = E IW«M2- 

•6/  iei 

Assume  that  xp  is  faithful  and  Trxp(a)  = 0 for  a E A+,  then  from  the  above 
inequality  xp(ai)ei  = 0 for  all  i E I , i.e.,  xp(a^)  = 0.  Since  0 is  faithful,  at  = 0. 
hence  a = 0,  so  that  Trip  is  a faithful  weight.  | 

COROLLARY  8.8.  Any  W*-algebra  has  a faithful  normal  CP-GNS  represen- 
tation. 

PROOF:  This  follows  from  Proposition  8.4  and  Proposition  8.7.  | 

Following  [72],  a von  Neumann  algebra  M.  C B(7i)  is  said  to  be  standard 
if  there  exists  a conjugation  J : 7i  — + 7i  such  that  the  mapping  x ►-»  Jx*  J is  a 
*-anti-isomorphism  from  M to  M'  which  acts  identically  on  the  center  Z(M)  = 
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M ft  M' . The  Tomita-Takesaki  theory  states  that  every  W*-algebra  has  a standard 
representation;  in  view  of  the  above  arguments,  this  statement  is  equivalent  to 
asserting  the  existence  of  a faithful  normal  CP-GNS  representation. 

Let  M C B(7i)  be  a standard  von  Neumann  algebra.  Then  there  exists  a 
natural  identification  between  M'  and  the  opposite  algebra  M°,  since  the  opposite 
algebra  M°  is  characterized  by  the  existence  of  a *-anti-isomorphism  from  M to 
M°,  and  M'  satisfies  this  condition  by  the  map  x £ M.  *- ► J x* J £ M.' . We 
shall  use  this  fact  to  realize  Tomita-Takesaki’s  anti-isomorphism  theorem  in  our 
CP-geometrical  setting.  For  this  purpose,  recalling  the  CP-duality  theorem  for 
yV(°(Theorem  7.3),  we  then  need  to  express  the  standard  structure  in  non-standard 
representations.  The  following  Proposition  solves  this  problem. 

PROPOSITION  8.9.  Let  M c 5(7f)  be  a standard  von  Neumann  aJgebra , and 
let  7r  be  a normal  representation  of  M on  Hn.  Then,  there  exists  a Hilbert  space 
H*  and  an  anti-unitary  operator  Jn  : Hn  — ► H*  such  that 

7r'(a)  = J*x(a)*JK  for  all  a £ M°  = M' , 

where  xl(a)  = x (a)  for  all  z £ Repc(M)n  if  and  only  if  a £ Z(M). 

PROOF:  We  first  consider  the  case  that  7r  is  a normal  cyclic  representation 

with  cyclic  vector  £.  Let  u>(-)  = (tt(-)£,£)  be  the  state  associated  with  n and  £,  and 
define 

Afi  = {a  £ u(a*a ) = 0} 


Nrr  = {a  £ Ai;  u>(aa*)  = 0} 
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where  we  note  that  Afr  = Af* . Consider  the  quotient  spaces  M /Afi  and  M /Afr,  and 
define 

(x,y)i  :=  u>(y*x)  for  x, y 6 M/Afi 

(x,y)r  :=  u(xy*)  for  x,y  € M/Afr 

which  define  inner  products  on  AA/Afi  and  M/J\fr  respectively;  we  define  the  Hilbert 
spaces 

Hi  = M/Afi  and  Hr  = M/J\fr 

as  the  completions  by  the  inner  products.  Then,  by  the  GNS-construction,  7r(a) 
(a  € -M)  is  the  continuous  extension  of  the  map 

a : x + € M /Afi  ax  + A'i  6 M /Aft. 

On  the  other  hand,  since  AA°  is  regarded  as  AA.  with  the  product  being  reversed, 
AAa  is  represented  as  the  continuous  extension  of  the  map 

a : x + Afr  € M /jVr  *-►  xa  + Afr  G AA /Afr 

where  a G .Vi,  which  can  be  expressed  as  the  left  action 

a°  : x + Afr  € M /A'r  Ja*Jx+Afr  E M/Afr. 

This  map  provides  the  representation 

7T : M°  - B(Hk)°  = B(Hr) 


in  Definition  7.2. 
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We  next  define  an  anti-unitary  operator  JK  : Hi  —>  Hr  as  the  continuous 
extension  of  the  map 


x -|-  Mi  G M /Mi  >—>Jx+  J\fr  € M /Mr 


Consider  the  following  diagram; 


x + J\fi  G M/Mi  C Hi 


Jr 


JX  +Mr  G M/Mr  C Wr 


»'(«*) 


= *(<*) 


»(«')* 


ax  + A'"/  G M/Mi  C « (JaJ)Jx  + A'V  G M/Mr  C 


where  each  arrow  is  defined  on  the  dense  sets,  so  that  xl  : ,Vf°  = A4;  — » B(Hi)  is 
given  as  the  continuous  extension  of  this  cycle,  i.e., 

7r*(a°)  = J*x(a°)*Jn  for  all  a°  £ M°  = M' . 

Then  our  claim  follows  by  setting  HK  = Hi  and  H*  = Hr. 

If  7r  is  not  a cyclic  representation,  then  decompose  7r  into  cyclic  representations, 
i.e.,  « — ©« Ei^i-  Set  Hn  = ©,g/f?Wi.,  HK  = ®ig/ H n. , and  = ©jg/</jr,-  • Hn  + Hn. 

To  show  the  final  statement,  assume  that  Tf(a°)  = 7r(a°),  i.e.,  7T (a)  = ^‘(a) 
for  a £ M and  all  7r  G Repc(M)n.  Then,  by  the  CP-duality  theorem  (Proposition 
7.3.B),  a g M n M°  = M n M'  = Z(M).  I 

Remark.  From  the  above  proof,  it  follows  that  a normal  cyclic  representation 
x : M —>  B(H, r)  is  standard  if  and  only  if  = (tt(- )<f , f ) is  faithful,  since  it  requires 
that  J is  a conjugation  on  Hi  = Hr  which  is  equivalent  to  asserting  Mi  = Mr  = 0. 
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The  following  theorem  gives  the  CP-geometric  expression  of  Tomita-Takesaki’s 
anti-isomorphism  theorem  ([74]). 

THEOREM  8.10.  Let  AA  C B(TL)  be  a standard  von  Neumann  algebra  and 
let  H be  a Hilbert  space  with  dimH  > ac(AA  )„.  Then 

M *£  AB(QH(M)n,  B(H))  3 A%B{QlH(M )„,  B(H)) 

M'  = AtB(QH(M)n,  B(H))  3 AB(QtH(M)n,  B(H)) 

and 

Z(M)^AB(QH(M)n,B(H))nAtB(QH(M)n,B(H)) 

where  the  transpose  of  ip  = V*nV  G Qh(M  )n  is  defined  by  ip*  = V*  J*z*  JnV . 

PROOF:  From  Proposition  8.9,  7r(a°)  = 7rt(a)  = J*ir(a)*Jn  for  a°  G = 

AA' , so  that 

a°  G AA'  : ip  = VttV  6 QH(M)n  h->  VmJ^(a*)JKV  = x/>\a) 

Then,  the  theorem  follows  from  Proposition  7.3.B  and  Proposition  8.9.  | 

Remark.  In  the  above  theorem,  for  7 G AB{Qn{M)n,  B(H))  which  corre- 
sponds to  a G AA , and  ip  = V*nV  G QH(AA)n,  set 

7 : € QW(M)n  ^ V>(a)  = V*7r(a)V  G 

JlJ-.rpe  QH(M)n  ^ iP\a*)  = V*J^(a)JKV  G £(#), 

then  the  standard  relations  .VP  = JAAJ  and  Ad  = J AA'  J follows  immediately. 
Note  also  that  the  standard  *-anti-isomorphism  x G AA  t-+  Jx*J  G AA1  induces  the 
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transposed  CP-affine  isomorphism 

</,  = g QH(M)n  ~ = V’j;n*JnV  € Qh(M') n 

as  the  CP-dual  map. 

Based  on  this  CP-geometric  expression  of  Tomita-Takesaki  theory,  we  proceed 
to  express  Connes’  orientability  condition  in  our  CP-geometric  context.  In  the 
following,  Ti  denotes  a complex  Hilbert  space  (which  should  be  distinguished  from 
the  Hilbert  space  H of  CP-duality  theorems),  and  Ti.+  denotes  a self-dual  cone  in 
H,  i.e.,  H+  is  characterized  by 

n+  = {£  G (£,r?)  > 0 for  all  rj  € H+). 

If  M C B(7i)  is  a standard  cr-finite  von  Neumann  algebra  with  cyclic  and  separating 
vector  £ and  modular  operator  A,  then  V = A^  ^ is  an  example  of  a self-dual 

cone,  called  the  natural  self-dual  cone,  which  was  studied  in  [10],  [24]  and  [41]. 
Connes  [24]  characterized  the  natural  cone  V (in  the  sense  of  Haagerup  [41])  by  the 
three  properties:  self-duality,  facial  homogeneity  and  orientability.  The  definitions 
of  the  last  two  concepts  are  recalled  here  for  convenience. 

Let  DCH+)  denote  the  set  of  all  derivations  of  H+ , i.e., 

D(H+)  = {6  e B(H);  etS  e B(H+ ) for  all  t € R} 

which  is  self-adjoint  and  has  a structure  of  real  Lie  algebra  (cf.  [24]).  A self-dual 
cone  'H+  is  defined  to  be  facially  homogeneous  if,  for  any  face  F of  ?f+,  we  have 
■=  Pf  — Pfj.  6 D(7i+)  where  Pp  [resp.  Ppx]  is  the  orthogonal  projection  onto 
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the  closed  subspace  spanned  by  F [resp.  F ■L  :=  {£  6 'H+;  (£,77)  = 0 for  any  rj  G 
F}]  (cf.  [24]).  In  the  series  of  work  [13-16],  [46],  Bellissard,  Iochum  and  Lima  showed 
that  a self-dual  cone  7i+  is  facially  homogeneous  if  and  only  if  M = D(HJr)sa  has 
the  structure  of  a JBW-algebra  (see,  in  particular,  [46;  Ch.VII]). 

In  this  respect,  another  question  of  orientability  arises.  Connes  [24]  gave  the 
following  orientability  condition  for  D(7i+). 

DEFINITION  8.11  ([24]).  A self-dual  cone  'H+  is  said  to  be  onentable  , if 
D( H+)  :=  D{‘HJr)/ZD{'H+)  (where  ZDCH+)  denotes  the  center  of  D(7f+)  as  a 
Lie  algebra)  has  a structure  of  a complex  Lie  algebra,  i.e.,  there  exists  a map 
I : DCH+)  — > D(7i+)  (which  we  call  Connes’  orientation  map  ) such  that 

i)  I2  = -1 

ii)  [-f£i,£2]  = [£n  J£a]  = ^[^1^2]  for  any  ^ € D(7i+)  ( i = 1,2) 

Hi)  1(6*)  = -1(6)* 

Combined  with  Bellissard-Iochum's  context,  Connes’s  results  shows  that  a 
facially  homogeneous  self-dual  cone  7i+  is  orientable  if  and  only  if  the  JBW-algebra 
D('LCt)sa  is  Jordan  isomorphic  to  the  self-adjoint  part  of  a W*-algebra. 

In  what  follows,  let  us  restrict  ourselves  to  the  case  where  M = D(7i+  )sa  is 
a JW-algebra,  since  we  are  now  interested  in  the  orientability  condition.  Then,  we 
shall  interpret  the  Connes’  orientability  map  in  our  CP-geometrical  setting. 

Let  M be  a universally  reversible  JW-algebra  and  if  be  a Hilbert  space  with 
dimH  > ac(M)n.  Then,  by  [46],  there  exists  a facially  homogeneous  self-dual  cone 
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H+  such  that  M = D(H+)sa.  By  the  CP-duality  theorem  (Proposition  7.9.B), 

M = AB(Q H(M)n,  B(H)a(1)  (Jordan  isomorphism) 

Suppose  that  Q//(M)„  is  CP-orientable,  i.e.,  there  exists  a W*-algebra  M.  such 
that  M = Msa ■ Then,  by  Theorem  7.10.B,  any  t/>  G Q9H(W*(M))n  is  uniquely 
expressed  as  tp  = J(<^  + <^>* ) with  € Qh{M)ti-  We  use  the  following  functional 
representation  of  the  enveloping  W*-algebra  W*(M)  of  M on  QsH(W*(M))n. 

PROPOSITION  8.12.  Let  M = Msa  for  some  W*-algebra  M.  and  let  H be  a 
Hilbert  space  with  dimH  > ac(M ),.  Then, 

U-(M)  s : !(„  + v<)  <=  Q-H(W-(M))n  « l(v>(«)  + /(»)); 

a,b  e M,  a - b e Mnab } 

M = b.®.-  : \(v  + f‘)  6 Q’h(W(M))„  « !(„(<>)  + /(<>)),  a e M,.} 

PROOF:  This  follows  as  the  functional  expression  of 

W*(M)  = {a  0 b°  € M © M°;  a- be  Mnab} 
where  M is  embedded  as 


M = {a0a°6-M®M} 

(cf.[45;  7.4.15]).  | 

In  the  above  Proposition,  we  can  assume  that  the  W*-algebra  M is  represented 
as  a standard  von  Neumann  algebra,  then  we  can  set  7r*  = J*tt*  Jn  by  Proposition 


S.9. 
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Our  next  step  is  to  define  a complexification  of  this  functional  representation 
of  M,  and  in  this  respect  we  naturally  realize  that  there  are  two  types  of  complex- 
ifications,  i.e., 

-4 7a  : 0 = + <p*)  ^ \(Ma)  + *V(<0) 

and 

I— la  ■ 0 = \{.V  + ¥>*)  ^ ~ */(«)) 

It  is  obvious  that  /+  corresponds  to  the  complexification  of  M into  the  W*-algebra 
M.,  i.e.,  1 + = i.  I-  can  be  understood  as  the  non-flip  complexification  of  /+,  which 
is  equivalent  to  setting  p1  = V*  J*n  JnV,  replacing  7r*  by  n in  the  definition  of  rp1  = 
V* J*ir* JnV , or  defining  pt(a)  = V* J*nt(a*)JirV  for  all  a G M.  Consequently, 
we  conclude  that  /_  corresponds  to  the  complexification  to  yield  D(TC+ ),  since  if 
D(7d+)  = M + I+M  = M + iM  — M,  then  it  gains  a complex  Lie  structure;  note 
that  this  is  not  true  in  the  general  case.  Hence,  we  have  the  functional  representation 
of  6 G D(H+)  on  QsH{W*(M))n  by 

6 = Sx  : ^(p  + pl)  + ^‘(x*))  with  x G M 

Proposition  8.13.  Let  M c B(H.)  be  a standard  von  Neumann  algebra. 
Then, 

D(n+)  = {Sx  = x + JxJ;  x G M} 

PROOF:  From  the  CP-duality  of  A4  and  A4'  (Theorem  8.10)  and  the  above 

functional  representation,  we  have  Sx  = x + JxJ  with  x G M.  I 
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Note  that  the  proof  of  the  above  expression  of  D('H+)  naturally  came  out  from 
the  setting  of  CP-duality,  which  simplifies  the  original  arguments  in  [24]  or  [46].  In 
this  representation,  /_  is  expressed  as 

J_  : 6X  = x + JxJ  i— > 6ix  — ix  + JixJ  = ix  — iJxJ. 

It  is  immediate  to  see  that  kerl _ = Z(M).  In  fact,  let  8X  £ kerl _ with  i 6 
then 

I-8X  = ix  + JixJ  = i(x  — JxJ)  = 0, 

i.e.,  x = JxJ , which  implies  x £ Z(Msa),  hence  6X  £ Z(M).  From  this,  it  follows 
that  /_  is  well-defined  on  D(H+)  = D(H+  )/ZD(H+). 

Proposition  8.14.  D('H+)  = D{7i+)/ZD(7{+)  is  a complex  Lie  algebra 

with  the  complexification  map  1 = 1-. 

PROOF:  We  have  to  show  the  three  properties  in  Definition  8.11. 

i)  I2  = — 1 is  immediate. 

ii)  We  will  show  [/(^.j),^]  = ^[^11^.2]  f°r  £ D(7i+).  By  Proposition 

S.13.  there  exists  xi,x2  £ M , such  that  8{  3 SXi  = X{  -f  Jx{J  (i  = 1.2).  Noting 
JxjJ  G M1,  we  have 


[I8Xx,8X7\  = [ix  1 - iJx\J,x2  + Jx2J] 


= [i'xi,x2]  — [iJx\J,  Jx2J] 
= i[x\,x2\  — iJ[x\,x2\J 


— I[6Xl , i'r2]. 
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Similarly,  we  can  prove  [£i , /(£2)]  = 

iii)  To  prove  1(6*)  = —1(6)*  for  6 £ D(7i+ ),  let  6 = 6X  = x + JxJ  with  x £ M, 
then  we  have 

1(6*)  = ix*  - iJx*J  = -(ix  - iJxJ)*  = -I(6X)*. 

I 

Thus  we  realized  Connes’s  orientation  map  in  our  CP-geometrical  setting.  In 
the  above  functional  representation,  the  correspondence  between  M.  and  D(7i+)  is 
given  as  follows. 

Proposition  8.15. 

M = (1  -iI)D(H+) 

M'  = (l  + iI)D(H+) 

PROOF:  By  Proposition  8.13,  let  6 = x -f-  JxJ  £ D(7i+)  with  x 6 M..  Then, 

(1  — il)6  = x + JxJ  — i(ix  — iJxJ)  = x G A4, 

and 

(1  + il)6  = x + JxJ  + i(ix  — iJxJ)  = JxJ  £ M' . 

Tomita-Takesaki’s  anti-isomorphism  theorem  completes  the  proof.  | 

COROLLARY  8.16.  The  von  Neumann  algebra  generated  by  D(7i+)  is  (M  U 
M')" , which  is  isomorphic  to  W*(M). 

PROOF:  From  Prop.  8.15,  the  von  Neumann  algebra  generated  by  D(H+) 

should  be  generated  by  M.  and  M'  = M°  (since  At  is  a standard  von  Neumann 
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algebra),  which,  by  definition,  is  isomorphic  to  W*(M ),  since  M = Msa  is  a JBW- 
algebra  of  complex  type  (cf.  [4;  Prop. 5. 11]).  | 

Connes  [24]  showed  that  Tt+  is  recovered  as  the  natural  self-dual  cone  of 
the  von  Neumann  algebra  M C B{TC),  i.e.,  (M,7f,  J,7i+)  is  a hyperstandard  von 
Neumann  algebra  in  the  sense  of  [41],  i.e., 

i)  JMJ  = M' 

ii)  JxJ  = x*  for  all  x G Z(M.) 

iii)  = £ for  all  f 6 

iv)  x(JxJ)7i+  C H+  for  all  x e M 

i)  and  ii)  axe  obvious  from  our  arguments.  See  [24;  Th  5.2]  or  [46;IV.1.2]  for  iii) 
and  iv). 

Now  let  us  study  the  structure  of  D('H+ ) in  terms  of  derivations. 

PROPOSITION  8.1 1.  Let  j\4  be  a standard  von  Neumann  algebra,  and  let 
V(M)  denote  the  set  of  all  bounded  derivations  of  M.,  i.e., 

'D(M)  = {d  € B(M);  d(xy)  — x(dy)  + (dy)x,  x,y  e M} 

Then,  there  exists  one  to  one  correspondences  between  V(M),  M.  and  V(7f+ ) given 

by 

ad(x)  e V(M)  ^xeM<->6x=x  + JxJ  6 D(H+) 


where  a d(x)(a)  = [x,a]  for  a 6 M. 
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PROOF:  It  is  fundamental  that  every  d G V(M)  is  inner,  i.e.,  there  exists 

x G M such  that  d = ad(x).  (cf.  [65;  Th.4.1.6]).  The  rest  is  already  proved  in 
Proposition  8.13.  | 

Remark.  We  can  directly  see  the  correspondence  ad(:r)  G T>(A4)  *-+  8X  G 
D(7i+)  as  follows.  Set  U(x;t)  = etxJetxJ,  then  U(x;t ) is  a one-parameter  semi- 
group such  that  U(x;t)'H+  C 7i+,  whose  generator  is 

8X  = lim  (etx  JetxJ  — 1 )/t 
t— »o 

= lim{((etx  - 1 )/t)JetxJ  + J(etx  - 1 )/tJ} 

= x + JxJ. 

Hence,  U(x;t)  = etS*  e B(7i+)  for  all  t € R,  i.e.,  6X  = x + JxJ  G D(H+). 

Let  ,\4  be  a W*-algebra.  There  exists  a one  to  one  correspondence  between 
the  set  *V(M)  of  all  bounded  ^-derivations  of  a W*-algebra  M.  (i.e..  satisfying 
8(a*)  = 8(a) * for  all  a G M ),  and  the  set  Aut(J\/l)  of  all  ^-automorphisms  on  M 

ad (ih)  G *V(M)  <->  at(h)  = e~lth(-)elth  G Aut(M), 

where  h G A4sa.  Then,  each  ^-automorphism  at  induces  a CP-affine  automorphism 
rrt(h)  as  the  CP-dual  on  the  normal  CP-state  space  Qf/(Ad)n  by 

at(h)  = at(hf  : V*itV  G QH(M)n  h-  V*e~'t^hKettn(h)V  G QH(M)n. 

Applying  these  arguments  to  a standard  von  Neumann  algebra  M and  D(Ti+), 
we  have  the  following  CP-description  of  derivations  and  automorphism  groups.  We 
denote  by  D(Ai)  the  set  of  all  generators  of  *T8(A/l). 
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PROPOSITION  8.18.  (1)  Let  M be  a W*-algebra  and  H be  a Hilbert  space 

with  dimH  > ac(M )*.  Then, 

(i)  D(M)  = Msa  = AB(QH(M)n,B(H)sa) 

(ii)  CP  — Aut(M)n  = Aut(M )8  = {<t<(/i);  h £ D(M)} 

(2)  If  M is  a standard  von  Neumann  algebra,  then 

(i)  D(H+)sa  * Msa  = AB(QH(Msa)n,  B(H)9a) 

(ii)  C P - Aut{Q n{M sa))  = {^<(^)  = \(0t{h)  + <7-t(h))  where  6 = h + JhJ 
with  h £ Msa  }• 

PROOF:  (1)  and  (2)  (i)  are  immediate  from  CP-duality  and  our  arguments. 

To  prove  (2)  (ii),  let  = \(y  + ^ ) £ QaH(W*(M))n  with  € QH{M)n. 
Noting  that  iS  = ih  + J(ih)*J , we  have 

<rt(6)(xl>)(a)  = ip(e~it6aeit6) 

= ^{V*ir(e-ithaeM)V  + V*n{e(ith)°  a°e(-lth)°)V) 

= ^{V*e-,tK{h\(a)e'tn(h)  + V*eitirtWTrt(a)e~itn‘WV) 

- + a-t(h))(ij)(a)) 

I 

Remark.  These  arguments,  which  we  discussed  for  W*-algebras  so  far,  can 
be  generalized  for  JBW-algebras  to  some  extent.  U.  Haagerup  and  H.  Hanche- 
Olsen  [42]  generalized  Tomita-Takesaki’s  automorphism  group  for  cr-finite  JBW- 
algebras,  and  using  this  one  parameter  group,  they  generalized  the  correspondence 
i £ M h £ D(H+)sa  (cf.  Proposition  8.13). 
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It  seems  that,  for  the  existence  of  a modular  group,  the  restriction  to  cr-finite 
case  is  not  essential  for  universally  reversible  JW-algebras.  In  fact,  let  M be  a 
universally  reversible  JW-algebra.  Then,  we  can  identify  M as  the  image  4>m(M) 
of  the  canonical  injection  <j)M  of  M into  the  enveloping  W*-algebra  W*(M)  such 
that  M = W*(M)* . Let  u0  be  a faithful  normal  semi-finite  weight  on  W*(M ),  and 
crt  = be  the  modular  group  with  respect  to  u>o,  where  we  can  assume 

that  u-'o  is  ^-invariant;  if  not,  we  can  redefine  u>o  = + <^o  0 $)•  By  an  argument 

similar  to  that  in  [42],  one  can  check  that  u>o  satisfies  the  KMS-condition  with 
respect  to  the  one  parameter  group  $ o o $ (t  G R),  so  that  at  = $ o o 
We  can  then  define 

rt  = + cr-t)\M, 


which  is  shown  easily  to  leave  M invariant. 


CHAPTER  9 


STONE- WEIERSTRASS  THEOREM  FOR 
SEPARABLE  C*-ALGEBRAS 

We  are  going  to  apply  our  theory  of  CP-convexity  to  the  general  Stone- 
Weierstrass  problem,  i.e.,  to  realize  the  non-commutative  generalization  of  the  clas- 
sical Stone- Wei erstrass  theorem,  which  is  translated  in  the  non-commutative  case 
as  follows:  Let  A be  a unital  C*-algebra  and  let  B be  a C*-subalgebra  of  A which 
contains  the  identity  of  A,  and  suppose  that  B separates  the  pure  states  P[A)  of 
A,  then  A = B. 

There  have  been  many  contributions  to  this  problem,  and  it  is  known  that  the 
conjecture  is  true  under  some  additional  conditions  (see,  e.g.,  [1],  [2],  [9],  [21],  [22], 
[40].  [54],  [57],  [62],  [64],  [69]).  In  this  chapter,  we  will  give  another  consideration  to 
this  problem  from  the  point  of  view  of  CP-convexity  and  prove  the  general  Stone- 
Weierstrass  theorem  for  separable  C*-algebras,  i.e., 

THEOREM  9.1.  Let  A be  a united  and  separable  C*-algebra  and  let  B be  a 
C*-subalgebra  of  A which  contains  the  identity  of  A,  and  suppose  that  B separates 
the  pure  states  P(A ) of  A.  Then  A = B. 

In  our  previous  papers  ([35],  [38]),  we  generalized  the  setting  of  the  problem  to 
the  cone  of  completely  positive  maps  CP(A,  B(H ))  and  examined  several  equivalent 
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conditions  of  the  conjecture,  of  which  we  shall  use  the  following  equivalent  conditions 
throughout  this  chapter. 

THEOREM  9.2  ([35],  [38],  [22]).  Let  A be  a united  C*-algebra  and  let  B be  a 
C*-subalgebra  of  A which  contains  the  identity  of  A.  Then  the  following  conditions 
are  equivalent. 

( i ) B separates  P(A). 

(it)  B separates  Ph(A)  for  any  Hilbert  space  H. 

(Hi)  B separates  Irr(A). 

We  shall  use  the  following  results  which  were  proved  by  J.  Anderson  and  J.W. 
Bunce  [9]. 

THEOREM  9.3  ([9;  Corollary  7]).  Let  A be  a unital  and  separable  C*- 
algebra,  and  let  B be  a C*-subalgebra  of  .4  which  contains  the  identity  of  .4,  and 
suppose  that  B separates  the  pure  states  P(A)  of  A.  Let  u>  (E  S(B)  be  a state 
of  B.  7rw  : B — > B(Hnu ) be  the  GNS-representation  corresponding  to  u>,  and  let 
n : A —*  B(Hn^)  extend  i.e.,  7t|b  = 7 tu.  Then,  tt  is  the  unique  extension  of  7 rw 
if  and  only  if  i r(A)”  = 7rw(i?)”. 

THEOREM  9.4  ([9;  Theorem  8]).  Under  the  same  conditions  as  above,  if, 
for  each  u>  6 S(B),  there  exists  a unique  representation  7rw  : A — > B(HKuj  ) that 
extends  7rw  (i.e.,  tt\b  = ),  then  A = B . 

From  these  theorems,  the  proof  of  Theorem  9.1  is  reduced  to  the  following 
assertion,  which  we  are  going  to  prove  in  the  remainder  of  this  chapter. 
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PROPOSITION  9.5.  Let  A and  B satisfy  the  conditions  of  Theorem  9.1.  Then . 
for  each  u E S(B),  there  exists  a representation  7rw  : A — *■  B ( Hnu ) which  extends 
Xu,  (i.e.,  7rw| b = 7rw  ) such  that  i rw(A)”  = 7T0I?)”. 

PROOF:  Let  u;  E S^f?)  be  arbitrary.  We  choose  a maximal  abelian  subalgebra 

of  7rw  (_£?)'  and  keep  it  fixed  in  the  subsequent  arguments. 

Since  B is  separable,  HWu  is  separable,  so  that  there  exists  a countably  Hilbert 
nuclear  space  such  that  Cl  C H„u  C Cl'  is  a rigged  Hilbert  space.  Let  if  be  a 
separable  Hilbert  space  and  let  ip  = V*KuV  E C P(B , Bill))  be  a pre-nuclear  CP- 
map,  i.e.,  V E B{H.Clr ) (see  Chapter  6 for  the  definition  of  flr).  From  the  proof  of 
the  CP-decomposition  theorem  (Theorem  6.3),  ip  is  decomposed  as 

V>  = JzV(0^M)V(0dp(0  (BW-integral) 

where  (Z.  p)  is  the  standard  measure  space  corresponding  to  , ttw(£)  € Irr(B) 
and  l'(C)  = P(()V  E B(H,  (Recall  here  that  P(Q  : — ► HKu(Q  is  a 

nuclear  operator.  See  Chapter  6 for  the  definition  of  P(£).) 

Note  that,  by  Theorem  9.2,  B separates  Irr(A),  from  which  it  follows  that 
the  restriction  map  r : n E Irr(A)  i — »•  7r| b E Irr(B)  is  bijective.  Hence  it  would  be 
reasonable  to  try  to  define  an  extension  ip  of  ip  to  A by 

'i’= J v(,o’*uo  no  mo 

where  7rw(0  is  the  unique  extension  of  7^(0  to  A (i.e.,  7fw(0  = r-1(7rw(0)  ),  if 
the  integral  is  meaningful. 
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To  ensure  that  this  extension  i/>  is  indeed  well-defined,  we  have  to  prove  the 
measurability  of  the  integrand.  The  integrability  will  then  follow  as  we  proved  in 
Chapter  6. 

LEMMA  9.6.  Under  the  condition  above,  V’(C)  :=  ^(0*^(0  F(£)  JS  BW- 
measura  ble,  i.e.,  the  function 

*(C)(«;  6 *7)(C)  :=  (V(0**U0(«)  V(M,  Tj) 

is  //-measurable  for  ail  a € A , and  £,rj  G H. 

PROOF:  We  define,  for  b G B,  f,  g G flr  and  C,  G Z , 

F(b-,f,g)(0  :=  (P(C)*MC)(WC)/,s), 

and  consider  the  following  diagram; 

(A)  c e z p^>p  P(C)*MC)-P(0  £ Pn,(A)  (a;X14/,)  *(o;f,,)(C)ec 

r l r-1 

(B)  cez  p^=ip  PKrMOPtOsPn.W1^’  Fft/.jKOec 

where  a G A , b G B,  £,i]  G H and  f,g  G and  (a;F£,  F77)  and  ( b\f,g ) are 
defined  by 

(a;  F£,  Fr?)(y,)  :=  (v>(a)F£,  Ft?)  /or  € CP(A,  S(fir)) 

and 


{b;f,g)(ip)  :=  (V{b)f,g)  for  G CP(B,B(Slr)) 
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respectively.  Note  here  that,  B separates  Pnr{A)  (cf.  Theorem  9.2),  so  that  there 
exists  one  to  one  correspondence  Pnr(A)  <->  Pnr(B)  by  the  restriction  map  r. 

i — 1 

Then,  from  the  above  diagram, 

*(o;  e,  !))(0  = (<■;  n,  Vr,)  or-'.  P’jr„P. 

Thus,  the  measurability  of  ^(a;  £,  r])(C)  will  be  proved,  when  we  show  the  following: 

(1)  P*TTUJP  : Z — > Pnr(B)  is  B(Z)  — Bbw(Put(B))  measurable. 

(2)  r-1  : Pnr(P)  — > Pnr(A)  is  BW-continuous. 

(3)  (a;  F£,  Fr/)  is  BW-continuous. 

In  the  above,  B(Z ) is  the  standard  Borel  space  on  ( Z , /i),  and  Bbw(Put{B)) 
denotes  the  Borel  space  generated  by  the  relative  topology  in  Pqt(B)  induced  from 
the  BW-topology  of  CP(B , B(Qr)).  Since  (3)  is  obvious  from  the  definition  of  the 
BW-topology,  we  will  show  (1)  and  (2). 

(1)  : We  first  note  that  the  row  (B)  of  the  diagram 

mi,g)  = (b-J,g)o(P*nUJP)  ( b € B,f,g  € flr) 

is  /z-measurable,  since  F(b;  /,  g)(Q  = (P(C)*7ru/( 0-^(0./)  S')  Is  a /i-measurable  func- 
tion of  ( £ Z (cf.  Proof  of  Theorem  6.3). 

Recall  that  the  BW-topology  of  C P(B , B(Qr))  is  generated  by  the  sub-base 


b;  f, g ; «)  = W € CP(B,  ))  n S4 ; |((9  - ^)(6)/,<jr)|  < e} 
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where  <j>  € CP(B , B(Qr)),  b € B,  f,g  e Qr  and  Ss  = {</>  € CP(B,  5(fir));  ||y?||  < 6} 
for  <!>  > 0 (cf.  [11],  [59]),  i.e.,  for  any  open  set  0 in  C P{B , B(f2r)), 

171  Q, 

OnSs  = U (PI  «?“')) 

i=l 

where  ma  is  a positive  integer  for  all  a G ,and  can  be  an  uncountable  set 
in  general.  From  our  assumption  that  B is  a separable  C*-algebra,  and  is  a 
separable  Hilbert  space,  it  follows  that  CP(B , B(Qr))  D 5 s with  BW-topology  is  a 
Polish  space  for  all  6 > 0 (by  the  same  argument  of  [28;Prop.  3.7.1.]),  hence  it  has 
the  Lindelof  property,  so  that  is  actually  a countable  set,  i.e., 


oo  m* 


OnSs  = U<n 


(*).  Lit).  r(k ) (k),  (k) 


9i 


’)) 


k=  1 i=l 


Let  us  take  an  arbitrary  relatively  open  set  G in  Pnr(B).  Then,  there  exists 
a BW-open  set  Og  in  CP(B,  B(Qr))  such  that,  for  all  6 > 0, 


G fl  Ss  = (Og  fl  Pnr(B))  D Ss  = (Og  n Ss)  n Pqt(B ) 

oo  m* 


k=l  1 = 1 


We  will  show  that 


(PVr'W^W-ji^nPft,^))  £B(Z) 

for  all  6 > 0,  <f>  € CP(B1  B(Clr)),  b G B,  /,  g 6 f2r  and  e > 0,  which  then  proves  that 
P-k^.P  is  B(Z)—B  bw(Put(B))  measurable,  since  the  sets  of  the  form  us(<? ; 6;  f,g;  e)fl 
Pur(B)  countably  generates  the  topology  of  Pur(B ) as  we  have  shown  above. 
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We  first  consider  the  special  case  <f>  = 0.  Observe  that 

««(0 ]b]f,g-,e)  D Pnr(P)  = ((&;  /,y)|pnr(S)ns<)_1(^f) 
where  we  denote  D(  — {z  G C;  |z|  < e}.  Let  us  define 

Z,  :=  (P-*„P)-'(S,)=  {(  e Z;  ||P(C)*MC)P(C)II  < «}, 

then 

Zs  = {C  e Z;  ||P(C)||r  < 6} 

= {c  € Z;sup{||xj(C)||2;(a;j)^i  C ft  is  dense  in  ||x||r  < 1}  < <!>}. 

Since  ||xi(C)||  is  a /j.  -measurable  function,  we  have  Zs  G B(Z).  Then, 

(P*7ru)P)-1(^(0;6;/,5;e)nPnr(B))  = ((ft;/,y)|pnp(B)nS<o(P*7ru>P))-1(T»e) 

= F(b]f,g)-1(D()nZ6  £B(Z) 

since  F(b;f,g)  is  /z-measurable. 

We  next  consider  the  general  case  <j)  / 0.  Observe  that 

us(<l>;b;f,g;e)  = (<f>  + u^O;  b;  /,  g;  e))  0 Ss  = 3>(uoo(0;  b;  /,j;e))n5j 

where 

uoo(0;6;/,<7;e)  :=  (b-f,g)~\D()  = e CP(P,  B(Qr));  \(<p(b)f,g)\  < e}, 
and  g $ : CB(B,B(Qr))  — + CP(P,P(flr))  is  defined  by 


g<t>  : y h->  + <f>  for  G CB(B,  B(Q,r)), 
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where  CB(B , B(Qr))  = CP(B,  B($lr))  — CP(B , B(£lr))  is  the  set  of  all  completely 
bounded  maps  from  B to  B(Qr)  (cf.  e.g.,  [59]).  Then, 

(P*xwP)_1(u«(<£;&;  f,g;e)r\Pnr{B)) 

= {P*^wP)~1(g<t>(uoo(0;b;  f,g;e))  n (Pnr(P)  n Ss)) 

= (Pm*»P)-\g+MO;b;f,g;e))  fl  (P'^P)-1  (PUr(B)  D S6) 

= ((6;  f,g)  o g o (P*^P))~l  (D()  fl  {P'^P)~\u8(  0;  6;  f,9]  e')  D Pnr(P)) 

where  e'  > ^||fc||||/||||fif||.  Note  that 

(6;  /,  5)  o </_0  o (P-7T.P)  (P(C)Vw(C)(6)P(C)/,  <?)  - (*(&)/,  <?) 

is  a //-measurable  function  of  ( 6 Z,  hence  we  have 

((b-J,g)og-«,o{P-*„P))-'(D,)  € 0(2), 
and.  from  the  first  step,  we  have 

(P*7twP)-1  (u^(0;  6; /,  <7;  e()  fl  Pq(P))  € B(Z), 
from  which  assertion  (1)  follows. 

(2)  : We  have  to  show  that  the  restriction  map  r : ip  E PnP(-4)  /-►  </?]#  g 
Por(P)  is  a BW-homeomorphism,  i.e.,  ?-_1  is  BW-continuous. 

Let  F C Pnr(A)  be  BW-closed.  Then,  there  exists  a BW-closed  set  C C CP(A. 
B(Qr))  such  that  F = C D Pqt(A).  For  any  6 > 0,  F fl  Ss  — (C  fl  Ss)  fl  Pnr(.4)  = 
Cs  fl  Pnr(-4)  where  Cs  :=  Cr I Ss  is  BW-closed.  (Note  that  Ss  is  BW-closed.  cf . [11].) 
Since  r : Pnr(.4)  — > Pnr(P)  is  one  to  one  and  onto,  we  have 


r(F  n Ss)  = r(Cs  fl  PUr(A))  = r(Cs)  n v(PQr  (A))  = r(Cs)  fl  Pnr(P). 
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Now  Cf,  is  BW-compact  (cf.[llj)  and  r is  BW-continuous,  so  it  follows  that  r(Cs) 
is  BW-compact,  hence  BW-closed,  so  that  r(F  fl  Ss)  is  BW-closed  in  the  relative 
topology  in  Pnr(B)  fl  Ss  induced  from  the  BW-topology  on  CP(B,  B(Q,r))  D Ss- 
Namely,  we  have  proved  that 

r : Pnr(A)  fl  Ss  — ► Pqt(B)  fl  Ss 

is  a BW-homeomorphism  for  all  8 > 0.  This  implies  that  r : Pnr(A)  — > Pnr(B ) is 
a BW-homeomorphism,  so  we  proved  (2),  hence  Lemma  9.6.  | 

Now  we  can  define  the  extension  of  the  pre-nuclear  CP-map  ip  by 

= f v«y*UOV(OMO 

where  ^(O  = J'-1(7rw(C))-  I*1  particular,  we  can  take  H = fir  and  V = Tqt  : f2r  — ► 
HWui , which  is  the  continuous  extension  of  the  nuclear  embedding  T : — ► HWw  , and 

define  7r^r  :=  r^  7rwTnr . (Note  that  7r^r  is  not  a representation  on  Qr  in  general.) 
Then,  for  any  /,  g G ft  and  a G .4, 

(*S’(a)/,  »)r  = /(W*-(CX«)rn.  (Of,  9),  MO 

= [ (MC)(«)/(C),0(C))<*/i(C)i 

J z 

where  the  suffix  r denotes  the  scalar  product  in  Qr.  Since  Q can  be  an  arbitrary 
countably  Hilbert  nuclear  space  such  that  f2  C HVu  C fT  is  a rigged  Hilbert  space, 
the  above  equality  is  true  for  any  /,  g G ft  C , considering  the  unitary  transforms 
on  HWu . Since  the  right  hand  side  defines  a bounded  sesqui-linear  form  for  f,gE 
# , which  does  not  depend  on  the  choice  of  D,  hence  it  defines  an  operator  ^(a)  G 
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B(HWa)  (e.g.,  as  an  application  of  the  Banach-Steinhaus  theorem).  We  conclude, 
from  the  right  hand  side,  that 

f® 

nu(a)  = J 7r u(Q(a)  dp(Q  for  a £ A. 

This  shows  that  is  a representation  of  A on  — H which  extends  7rw. 

We  now  come  back  to  the  proof  of  Proposition  9.5,  namely  7Tu,(.4.)”  = n w(5)” 
for  all  u>  £ S(B).  To  prove  this,  we  will  show 

(4)  fUA)'  D 

from  which  7rw(.4)”  C ^(B)”  follows,  and,  since  tt^A)”  D 7 tw(B)"  is  obvious  from 
Ku/(A)  D 77^(5),  the  proof  of  (4)  will  complete  the  proof. 

We  use  the  following  theorem  proved  by  W.B.  Arveson  [11]. 

Theorem  9.7  ([11;  Theorem  1.4.2]).  Let  A be  a unital  C*-algebra,  H 
be  a Hilbert  space , and  p>  £ CP(A,  B(H))  be  represented  as  ip  = V*irV  where  n 
is  a representation  of  A on  a Hilbert  space  K,  and  V £ B(H,I\).  Then,  there 
exists  an  affine  order  isomorphism  from  the  partially  ordered  convex  set  of  op- 
erators (7r(.4)')],‘  = {T  £ 7r(.4)';0  < T < Irt } onto  the  interval  [0, v?]  = {ip  £ 
CP(A.  B(H);0  < 0 < ip}  with  the  order  induced  by  the  cone  CP(A,B(H));  this 
isomorphism  is  defined  by 

(jt(A)')+  V*T*ttT*V  £ [0,v>]. 

We  apply  the  above  theorem  for  ip  = £ CP(B,B(Hnu, )).  By  the  above 

theorem,  in  order  to  prove  (4),  it  suffices  to  show  that  there  exists  a injective 
embedding  s from  [0,  71^]  into  [0,  i rw]  such  that  r o s = id  on  [0, 
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We  define  this  map  s : [0, 7rw]  — ► [0,  nu\  as  follows.  From  the  above  Arveson’s 
theorem,  for  every  xp  € [0,  ttu],  there  exists  € (7r ^(B)1)^  such  that  xp  — TJ  . 
Let  us  define  the  extension  of  xp  by 

* = r**ur*. 

Note  that  this  definition,  made  for  general  xp  € [0, 7TW],  coinsides,  in  the  particu- 
lar case  where  xp  is  pre-nuclear,  with  the  original  definition  one  obtains  from  CP- 
decomposition.  We  then  define  s by 


s(xp)  :=  ip  for  xp  G [0,7^]. 

It  is  immediate  to  see  that  (r  o s)(xp)  = xp,  since  (r  o s)(xp)  = r(xp)  = 
r(T*nuTj)  = T$r(Trw)Tj  = = xp.  Hence  s is  injective. 

To  see  that  s is  into,  we  have  to  show  that  0 < s(xp)  < Since  s(xp)  = xp  = 
TJ  € CP(A,B(H7ru)),  s(xp)  > 0 is  obvious,  so  we  will  show  s(xp)  < i.e., 

I I 

7rw  — s(i/>)  = tt^j  — rjjr^rj  € CP(A,B(H)).  To  prove  this,  we  observe  that,  since 
T^,  € we  have 


ttw  = TJ  jrwr*  +(J-3V)*  - T*)  * . 


So,  if  we  prove 


(5) 


7rw  = + (I  - T^vu(I  - T^)^, 


then  our  assertion  s(V>)  < follows,  because 


- T**WT*  = (I  -T^hM  - e CP(A,B(H^)). 
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Hence  the  proof  of  Theorem  9.1  is  reduced  to  the  proof  of  equality  (5),  which  will 
be  accomplished  in  several  steps  (Lemma  9.8  to  Lemma  9.14). 

One  can  show  that  (5)  is  equivalent  to  asserting  that  the  map  s is  CP-affine, 
which  is  a CP-version  of  Effros’  theorem  [31;  Th.  11.1].  However,  we  will  not  focus 
on  this  fact  in  the  subsequent  arguments. 

Lemma  9.8.  Let  Vx  = Tj,  V2  = (I  - and  define 
Kw  :=  [(7TW  © 1TU)(B)(V\  0 

Ku  . — ( © 7TW  ) | 

Then  7rw  and  are  unitarily  equivalent,  i.e., 

ft IjJ  — 

where  the  unitary  operator  Uu  is  defined  as 

Uu  :=  V\  © V2  : £ € H„u  © V2^  G Hnu  © H„u . 

PROOF:  V\  © V2  is  a partial  isometry  from  Hnu  into  Hw„  © HKw , because  for 

HV'if  3 F2{||2  = (V,f  ® V2(,  V,(  ffi  V'2f)  = (Vlf,  V,£)  + V2f) 

= «.  v.w.0  + ((,  v;v,i)  = (f,r*o  + «,(/  - r*)£)  = «,0  = ||£||2 

Noting  that  VX,V2  € ft (since  T ^ G ir^B)'),  we  have 

ffu,  = [(**  © 7rw)(5)(V1  © y2)^J  = [(1/!  © V2)H„ j = (Vi  © 1/2)^W 
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where  the  last  equality  holds  since  Vi  ©V2  is  a partial  isometry;  hence  Uu  = V\  0 V2  : 
Hnw  — ► Kw  is  a unitary  operator  from  HKw  onto  A'w. 

It  is  straightforward  to  show  7rw  = U^n^U^-  In  fact,  for  any  b £ B and 

e € Hnu, 

(Vi  0 V2)7rw(6)e  = Vi7rw(6)e  © V2ir u(b)( 

= Ku,(b)Vit  © iru(b)V. 2(  = (iru(b)  © 7ru,(6))(Vi  © Vi)£, 

since  Vi,V2  € iru(B)' . | 

We  denote  by  the  cyclic  vector  of  the  cyclic  representation  7rw,  and  define 

Note  that  is  a dense  subspace  of  Hnu),  and  stable  under  the  action  of  nu(B). 
We  also  define  Pw( £)  : Du  — ► by 

*UC)  : eDu~  ttMWUO  € 

where  b £ B.  We  also  note  that  Pw(£)  is  A*-  a.e.  defined,  which  is  enough  for 
our  purpose  to  formulate  a unitary  equivalence  of  irreducible  representations  as 
integrands  (cf.  Lemma  9.12  and  Lemma  9.13). 

We  denote 

DM  ■=  PMDU 

and 


NU(C)  :=  ker  PW(C). 
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We  note  that  NlJ(Q  = ?rw(ic)fu>>  where  1^  is  the  left  ideal  of  B defined  by 

Furthermore,  for  the  simplification  of  our  subsequent  arguments,  we  introduce 
the  following  notations; 

t(0  ==  T$ (C)  ® (/  - T»)i( 0 : D„  - J?,„( 0 ffi  H,J () 
where  r(()f  = (T*0(0  ©((/ - for  £ S Du.,  and 

0 :=  r(C)B„ 

«u(C)  :=  (*w(C)  ffi  MC))k„(0 
*UC):=T(C)B„/r(()JV„(C) 

and  we  denote  by  i((,*)  the  canonical  map  i(£)  : t(QDu  — ► KU(Q.  In  order  to  define 
a representation  on  A' u induced  from  kw,  we  need  to  prove  the  following  lemma. 

LEMMA  9.9.  js  Stable  under  ku,((),  i.e., 

£u(CXBXr«)Nu(0)CT(C)Nu((). 

PROOF:  We  first  note  that,  from  Lemma  9.8,  kuUu  — i.e., 

(»*  ffi  ir„)(r*  ® (/  - r*)4)  = (T*  ® (/  - 

Let  b € B and  £ € be  arbitrary.  Then, 


[(M<0®M&))eri  ffi(/-r*)4)£](o  = [(r4  ®(/-t*)4k(W](C), 
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so  that 

(MCX&)  ® irw(C)(6))(r*  (C)  © (/  - T^icm  = (Tj(0  © (/  - T*)i(  OMbK, 

i.e., 

(6)  «w(CX6M  Of  = iXOMOf- 

We  next  note  that,  if  £ G iVw(f),  then  Tvu(b)(  G Nu(()  for  all  b e B,  i.e., 

Ma)JUC)cJMC). 

In  fact, 

n„(B)Nu(()  = 7ru,(B)7ru)(/c)^u,  C = JVW(C). 

From  (6),  it  follows  that 

*JC)(S)(t(C)JUC))  = r(C)7rw(5)iVw(C)  C r(C)iVw(C). 

I 

From  Lemma  9.9,  € r(()L>u,  = with  fi  ~ £2  (mod  t(Q  N^Q) 

implies  ^(OWfi  ~ *00(00  (mod  r(^)iVu,(C))  for  all  b £ B.  Thus,  we  can 
define  a representation  ku{ ()  of  B acting  on  the  linear  space  Ku(Q,  induced  by 

*UO(0(f  + r(C)  JVw(0)  :=  «O0(0f  + r(C)  JVw(C), 

or  symbolically, 

M0(O(XOO  :=  X0(*00(00 


for  all  b G B and  £ G K JC). 
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LEMMA  9.10.  There  exists  an  isomorphism 


UUO  : DUO  - KM)- 


PROOF:  We  consider  the  following  diagram: 


Du, 

FUC) 


r«) 


♦ iUC) 
*(0 


Uu(0  - 

DUO ♦ KUO 


Here  we  define  UUO  on  DU 0 by 

DUO  '■  PUOt  ►-»  i(C)  t(0(  for  aH  £ 6 Dw. 

Then  UUO  Is  weH  defined,  bijective  and  continuous  since  ker(i(Q  o r(£))  = ker 
DUO  — KUOt  i*e*»  we  have  the  isomorphism 

DUO  = Du/NUO  = Duj ker(t(0  ° r(0)  £ KUO- 

I 

Lemma  9.11.  DUO  JS  norm  dense  in  Hxu(0  for  p-  a.e.  £ € Z. 

PROOF:  From  the  definition  of  measurable  fields  of  Hilbert  spaces,  there 

exists  a countable  family  (£,)  C Hnu  such  that,  for  every  £ £ Z,  (£,(£))  is  total  in 
K^{0-  Since  Pu  is  norm  dense  in  HKu , we  can  take  a sequence  (£*'))  C Du  which 
converges  to  £,  in  L2-norm  for  each  i G N.  Then,  from  [29;  II,  Ch.l,  Prop.  5],  for 
each  fixed  i,  we  can  take  a subsequence  (£p)  of  such  that  (£^)  converges 
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t°  6(0  in  HKu  for  p - a.e.  £ 6 Z,  i.e.,  for  £ G Z \ iV,  with  p(Ni)  = 0.  Let 
N = UgjiV,-,  then  (£^(£))  ->  (6(0)  in  #*„(£)  f°r  a11  * 6 N and  £ € Z\N,  where 
/x(iV)  < p{Ni)  = 0.  Noting  that  the  double  sequence  (£^)  C Du  is  countable, 
and  (6(0)  is  total  in  Hn w for  every  £ G .Z,  we  conclude  that  (C^(0)  is  total  in 
for  £ € Z \ N.  Hence,  -Dw(£)  is  norm  dense  in  //*„(£)  for  p-  a.e.  ( 6 Z.  | 
By  Lemma  9.10  and  Lemma  9.11,  we  can  define  the  closure  of  K^Q,  which  is 
isomorphic  to  H„u  (£)  by  a unitary  operator  Uu(()  which  is  the  continuous  extension 
°f  CUC).  then  define  a representation  kw(£)  to  be  the  continuous  extension  of 

kw(C)  to  A'w(£). 

LEMMA  9.12.  The  unitary  operator  ( £ ) establishes  a unitary  equivalence 

between  7rw(£)  and  /cw(()  for  a.e.  C € Z,  i.e., 

MO  = £U  0*M0MC) 

PROOF:  Observe  first  that,  for  any  b € B and  £ G 

MOWMCXMOO 

= «w(C)(^,)(t(C)  0 r(C))C  (cf.  diagram  of  Lemma  9.10) 

= XCXMCX^MOO  (cf-  definition  of  MO) 

= i(C)(T(C)7rw(^)C)  (cf-  (6)  in  the  proof  of  Lemma  9.9) 

= t^u>(C)  0 -Pu»(C)(7ru;(l>)C)  (cf-  diagram  of  Lemma  9.10) 

= MOMCX&X-MOO  (cf-  definition  of  Pu( £)). 

Since  D„(Q  = Pui(QDUJ  is  norm  dense  in  Hnuj  (£)  for  p-  a.e.  £ G Z (Lemma  9.11), 
the  continuous  extension  of  the  above  equality  proves  our  assertion.  | 
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Lemma  9.13.  Let  us  define 


Kw  = 


Uu  = 


/*0 

J KUOMQ 

r 0 

J MC)<*/*(0 
r Uw(0  MO 

Jz 


Then, 


A'u,  = UuHnui  and  tt^  = J7*kw{7w, 


and  we  can  identify 

Ku,  = Kuj,  kw  = kw  and  Uu  = Uu, 


in  the  sense  of  unitary  equivalence. 

PROOF:  The  equalities  A'w  = and  7rw  = U^k^Uu,  follow  imediately 

from  Lemma  9.12.  Since,  by  Lemma  9.8, 


^w,HnJ  = U:(Ku),Ku)Uu 


and  has  an  irreducible  decomposition 


( 


/•0 

ttu = J MO>H*M))ty(Q* 


according  to  [29;  II,  Cli.3,  Prop.  11],  there  exists  an  irreducible  decomposition  of 
(kw./C),  e.g., 

/*0 

(kw,ku)  = J («w(C)» Arw(c))d/i(C) 

and  a measurable  field  of  unitary  operators 


uuO-HnA  O^KM) 
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such  that 

(*„(<  ),h,JO)  = ffUC)*(MO.JU<))*UO. 

On  the  other  hand,  we  have  just  proved 

(*u,hWui)  = v:(ku,ku)uu 

and 

/*0 

(^t)=  / (MO,^(C))^(C) 

Jz 

with 

Noting  that  both  (kw,  Ku)  and  (kw,  Ii^)  are  subrepresentations  of  B in  HWu  ® 
which  are  unitarily  equivalent  to  (ttu,HKui),  we  conclude  that,  by  the  unique- 
ness of  the  irreducible  decomposition,  we  can  identify  (/cw,  Ku)  with  (ku,Ku),  and 
Uu  with  Uu  in  the  sense  of  unitary  equivalence.  | 

Lemma  9.14. 

7TW  U^KuUu, 

where 

iiu  = (Ttcj  © *u)\ku  (on  A). 

PROOF:  From  Lemma  9.13,  we  can  set 

MC)  :=  MC)>  KU0  :=  A'W(C)  and  Uu(0 '•=  &UQ- 

Then,  from  Lemma  9.12,  we  have 


MC)  = UU(CY KU(()UU(C)  (on  B). 
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By  Theorem  9.2,  B separates  Irr(A),  so  that,  since  7rw(£)  and  kw(C)  are  unitarily 
equivalent  with  the  unitary  operator  17w(()  (i.e.,  ku(QUu(()),  MO 

and  0 are  unitarily  equivalent  with  the  same  unitary  operator  17w(C)>  he., 

MO  = M0*M0M0  (on  A). 

On  the  other  hand,  recalling  the  definition  of  kw(C)?  he., 


MO  = (MO  © M0)kw(O  (on 


and  noting  that,  as  we  showed  above,  the  unitary  equivalence  iMO  — kw(0  is  given 
by  the  same  unitary  operator  C)  f°r  the  unitary  equivalence  ^(C)  — /cw(0»  and 
MO  € Irr(B)  has  a unique  extension  to  Irr(A)  (cf.  Theorem  9.2)),  we  conclude 
that 

MC)  = (MO  © MOUiro  (on  A)- 


Integrating  these  expressions,  we  have 


r® 

= / WMM)W)  = W 

Jz 


and 


f 0 

= (MO®  M0)Ut(<)  MO  M*u,  ©Mltf* 


We  can  now  complete  the  proof  of  Theorem  9.1.  Recall  that  it  was  reduced 
to  showing 


(5) 


Ku>  = + V*nuV2 


I J 

where  V\  = Tj,  V2  = (/  — . Now,  this  follows  immediately  from  Lemma  9.14, 

i.e., 


TTijj  — 


= (v1©F2r(7fw©Tfu;)(vi®72) 


= V*  7T  w V\  + F2*  7f  w F2  • 


This  completes  the  proof  of  Theorem  9.1.  | 


APPENDIX 


The  purpose  of  this  appendix  is  to  summarize  the  definitions  and  basic  prop- 
erties on  operator  algebras,  completely  positive  maps,  scalar  convexity  theory  and 
nuclear  spaces  which  we  are  based  on  in  this  dissertation.  These  are  not  intended 
as  a comprehensive  survey  of  the  subjects  since  the  detailed  expository  descriptions 
are  available  in  many  references,  and  the  definitions  of  more  technical  terms  and 
related  results  were  explained  in  the  main  text. 


1.  C*-and  W*-algebras. 

A C*-algebra  A is  defined  to  be  a Banach  *-algebra  such  that  ||a*a||  = ||a||2  for 
all  a £ .4.  A W*-algebra  M is  a C*-algebra  which  has  a predual,  i.e.,  there  exists 
a Banach  space  M*  such  that  M = (M*)*.  For  example,  every  commutative  C*- 
algebra  is  isomorphic  to  Cc(X)  '■=  {C-valued  continuous  functions  on  a compact 
Hausdorff  space  A' } , and  every  non-commutative  C*-algebra  is  realized  on  a Hilbert 
space  H , e.g.,  C(H ) :=  {compact  operators  on  H } is  a C*-algebra,  and  B(H) 
{bounded  linear  operators  on  if}  is  a W*-algebra  with  the  predual  B(H)»  = T(H) 
:=  {trace  class  operators  on  H}.  (See  references  for  other  examples.) 

The  self-adjoint  part  Aaa  of  a C*-algebra  A is  partially  ordered  by  the  positive 
cone  .4+  = {a*a;  a £ A}  = {a2  ; a £ A^}.  A positive  linear  functional  u>  £ (A*)+ 
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is  called  a state  if  ||u;||  = 1,  and  a quasi-state  if  ||w||  < 1.  u>  G (A*)+  is  defined 
to  be  pure  if  0 < 77  < to  with  p G (A*)+  implies  p = cw  with  0 < c < 1.  We 
denote  by  5(A)  [resp.  Q(A),  P(A),  P(A) ] the  set  of  all  states  [resp.  quasi-states, 
pure  elements,  pure  states].  Similarly,  for  a W*-algebra  M,  we  can  define  the 
normal  state  space  [resp.  normal  quasi-state  space  ] by  N(M ) :=  5(M)flM,  [resp. 
Q(M)n  :=  Q{M)  DM.]. 

A representation  7t  of  a C*-algebra  A on  a Hilbert  space  H is  defined  to  be  a 
'‘‘-homomorphism  7 r : A — » B(H).  n is  called  cyclic  if  there  exists  £ G H such  that 
[7r(A)£]  = if.  then  £ is  called  a cyclic  vector  for  7t(A).  For  C*-algebras,  the  notions  of 
topological  and  algebraic  irreducibility  coincide,  i.e.,  n is  irreducible  if  and  only  if  {0} 
and  H are  the  only  stable  closed  subspaces  under  the  action  of  7r(A),  or  equivalently 
only  the  scalar  operators  can  commute  with  all  elements  of  7 r(A).  The  irreducibility 
is  also  characterized  by  the  property  that  every  £ G H is  a cyclic  vector  for  7 r(A).  We 
denote  by  Rep(  A)  [resp.  Repc(A ),  /rr(A)]  the  set  of  all  representations  [resp.  cyclic 
representations,  irreducible  representations]  of  A.  If  we  specify  the  representation 
space  H,  we  write  Rep(A  : H)  [resp.  Repc(A  : H),  Irr(A  : if)]. 

By  the  GNS  (Gelfand-Naimark-Segal)  construction,  for  any  quasi-state  u G 
Q{A),  there  exists  a cyclic  representation  ir^  of  A on  a Hilbert  space  H ^ and  a 
cyclic  vector  £w  G with  ||u||  = ||£w||2  such  that 

u>(a)  = (7 Tu>(a)£uM£w)  for  all  a G A. 

Then,  u ; is  pure  if  and  only  if  is  irreducible.  The  same  arguments  are  applied  for 
a normal  quasi-state  u G Q(M)n  of  a W*-algebra  ilf,  where  the  GNS-representation 
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TTjj  is  normal,  i.e.,  <r(M,  M*)  — a{B(Hu),B(Hu)*)  continuous. 

The  second  dual  A**  of  a C*-algebra  A has  a natural  structure  of  a W*- 
algebra,  which  is  called  the  enveloping  W*- algebra  of  .4.  It  is  also  characterized  by 
the  property  that  the  embedding  .4  c— > A**  is  canonical,  i.e.,  every  representation 
7r  : .4  — ► B(H ) is  extended  uniquely  to  a normal  representation  re  : .4**  — ► B(H). 
We  can  identify  the  quasi-state  space  Q(A)  of  A with  the  normal  quasi-state  space 
Q(A**)n  of  .4**.  Then,  Kadison’s  function  representation  theorem  states  that 

.4  “ A0(Q(A),  C)  and  .4**  S Ab0(Q(A),  C) 

where  ,4o(Q(.4),C)  [resp.  .4q(Q(j4),  C)]  denotes  the  set  of  all  C-valued  w*-continu 
ous  [resp.  bounded]  affine  functions  on  Q(A)  which  vanish  at  0.  The  last  isomor- 
phism is  generalized  for  a W*-algebra  M as  M = Ab(Q(Al)n,  C). 

If  A is  a separable  C*-algebra,  any  representation  7r  of  A on  a separable  Hilbert 
space  H is  decomposed  into  a direct  integral  of  irreducible  representations,  i.e.,  for 
each  maximal  abelian  subalgebra  M C ft  (A)'  (cf.  section  6 below),  there  exists 
a standard  measure  space  {Z,p)  corresponding  to  M.,  and  a measurable  family 
(7r(C))c irreducible  representations  of  A on  (H(<^))^£z  such  that 

tt  = f Tr(Qdn(()  and  H=  j H(Qd^{Q. 

J z Jz 

Finally,  we  mention  about  the  tensor  product  of  C*-algebras.  The  algebraic 
tensor  product  A\  <g)  A2  of  C*-algebras  At  ( i = 1,2)  is  a *-algebra,  in  which  we  can 
define  C*-norms  ||  • ||a  such  that  ||  • ||mi„  < ||  • ||Q  < ||  • ||mar,  where 

Ikllm.n  = sup{ || ( 7T!  ® tt2 )(x) || ; G Rep(At)  (i  = 1,2)} 


max  = sup{ || 7r(ar ) || ; 7r  G Rep(Ai  ® A2)}. 
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(cf.  references  [19],  [28],  [29],  [52],  [53],  [60],  [65],  [72],  [75]) 


2.  Completely  positive  maps. 

A linear  map  ip  : A — ► B between  C*-algebras  A and  B is  defined  to  be 
completely  positive  [resp.  completely  bounded  ],  if,  for  every  integer  n > 1,  the 
corresponding  linear  map 

ipn  : [dij]  e.4®  Mn{C)  — ► [t />(««>)]  £ B <g)  Mn( C) 

is  positive  for  all  n [resp.  supn  ||0n||  < oo],  where  M„(C)  denotes  the  C*-algebra 
of  all  complex  n x n matrices.  (For  brevity,  we  then  say  that  ip  is  a CP-map 
[resp. CB-map  ].) 

We  denote  by  CP(A,  B(H))  the  set  of  all  completely  positive  linear  maps  from 
a C*-algebra  A into  B{H),  then  CB(A,B(H))  = CP{A,B(H))  - CP(A,B(H)). 
By  the  Stinespring  representation  theorem,  every  ip  € CP{A,  B{H))  can  be  written 
as 

ip(a)  = V*Tr(a)V  for  all  a £ A, 

where  7r  is  a representation  of  A on  a Hilbert  space  I\  and  V € B(H,I\)  is  a 
bounded  linear  operator  from  H to  I\  such  that  ||^||  = ||V||2;  this  is  proved  for 
the  unital  case  in  many  references,  but  it  is  easily  proved  for  the  non-unital  case 
using  the  approximate  identity.  Under  the  minimal  condition  : K = [tt(A)V H], 
the  above  representation  is  unique  up  to  unitary  intertwining  operators.  Complete 
positivity  induces  a partially  ordering  in  the  cone  CP(A,  B(H)),  and  we  denote  by 
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PH{. 4)  the  set  of  all  pure  elements  of  CP(A,B(H ))  with  this  completely  positive 
order.  Then  0 = V*rrV  G Ph{A)  if  and  only  if  n G Irr(A).  For  a W*-algebra  M, 
we  denote  the  normal  part  of  C P(M,B(H))  by  C P(M,  B(H))n. 

For  a bounded  subset  of  CP(A,  B(H)),  we  define  a weak  topology,  which  is 
called  BW-topology,  as  follows;  a bounded  net  (0a)  C C P(A,  B(H))  converges  to 
0 G CP(A,  B(H))  in  BW-topology  if  and  only  if  0Q(a)  converges  weakly  to  0(a)  in 
B(H)  for  all  a G -4.  It  is  shown  in  [11]  that  the  BW-topology  is  a w*-topology  as 
a Banach  dual  space,  hence  every  bounded  ball  of  C P(A,  B(H))  is  BW-compact. 

A unital  selfadjoint  subspace  5 C .4  of  a unital  C*-algebra  A is  called  an 
operator  system.  Let  S C .4  be  an  operator  system  and  B be  a C*-algebra,  then 
we  define  a map  0 : S — ► B to  be  completely  positive  with  the  same  definition  as 
for  C*-algebras,  i.e.,  the  corresponding  linear  map  0n  : S ® Mn(C)  — + B ® A/n(C) 
is  positive  for  all  n.  Then  a C*-algebra  A is  called  injective,  if  for  every  operator 
system  5 C A and  C*-algebra  B.  every  completely  positive  map  0 : 5 — > B can 
be  extended  on  all  of  .4.  Arveson's  extension  theorem  [11]  shows  that  B(H ) is 
injective. 

(cf.  references  [11],  [59],  [71],  [76]) 


3.  JB-and  JBW-algebras. 

A Jordan  algebra  is  a non-associative  algebra  with  (a2  o b)  o a = a2  o (b  o a). 
A JB-algebra  A is  defined  to  be  a Jordan  Banach  algebra  over  reals  such  that 
lla*il  = llal|2  ^ ||°2  + &2||  f°r  a,b  G A.  A JBW-algebra  M is  a JB-algebra 
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which  has  a predual  Af*,  i.e.,  M = (A/*)*.  For  example,  the  self-adjoint  part  of 
any  C*-  [resp.  W*-]  algebra  is  a JB-  [resp.  JBW-]  algebra  with  the  Jordan  product 
a o b = |( ab  + ba).  A Jordan  algebra  which  is  isomorphic  to  a norm  [resp.  weakly] 
closed  Jordan  subalgebra  of  B(H)sa  (where  H is  a complex  Hilbert  space)  is  called 
a JC-  [resp.  JW-  ) algebra,  which  are  generally  called  special  Jordan  algebras.  A 
JB-algebra  A is  called  purely  exceptional  if  there  is  no  non-zero  homomorphism  of 
A into  a JC-algebra,  i.e.,  every  factor  representation  (see  the  definition  below)  of  A 
is  onto  Aff  (:=  the  set  of  all  self-adjoint  3x3  matrices  over  the  Carley  numbers).  It 
is  crucial  that  any  JB-algebra  A contains  a unique  purely  exceptional  ideal  J such 
that  A/  J is  a JC-algebra,  and  any  JBW-algebra  is  uniquely  decomposed  into  the 
special  and  purely  exceptional  parts. 

A JB-algebra  A is  partially  ordered  by  the  positive  cone  A+  = {a2  ; a 6 A}. 
Using  the  same  definition  as  in  the  C*-algebra  case,  we  can  define  the  state  space 
5(A)  :=  {u>  € (A*)+;  ||u>||  = 1},  the  quasi-state  space  Q(A ) :=  {u>  £ (A*)+;  u < 1}, 
the  set  of  pure  elements  P(A),  and  the  pure  states  P(A)  = P{A)  D 5(A);  similarly, 
for  a JBW-algebra  A/,  we  can  define  the  normal  state  space  N(M ) :=  S(M)  fl  Af*, 
and  the  normal  quasi-state  space  Q(M)n  :=  Q{M)  fl  Af*.  For  JB-  or  JW-algebras, 
Kadison’s  function  representation  theorem  takes  the  form 

A = A0(Q(A).  R)  (order  isomorphism) 

M = A{(Q(Af)n,R)  (order  isomorphism) 

Any  two  elements  a,  6 in  a Jordan  algebra  A are  said  to  operator  commute  if 
the  multiplication  operators  Ta  : c >->  a o c and  T),  : c ► b o c (for  c £ A)  commute, 
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i.e.,  (a  o c)  o b = a o (c  o b)  for  all  c € A.  The  center  of  A is  defined  as  the  set 

of  all  elements  of  .4  which  operator  commute  with  every  other  elements  of  A.  A 

JBW-algebra  is  called  a factor  if  it  contains  no  central  idempotent  elements  other 

than  0 and  the  identity  e.  A JBW-factor  is  defined  to  be  of  type  I if  it  contains  a 

minimal  idempotent.  Then,  a representation  of  a JB-algebra  A is  a homomorphism 

W 

p : A — > M from  A into  a type  I JBW-factor  M.  p is  said  to  be  dense  if  p(A)  = M, 
i.e.,  p(A)  is  a weakly  dense  in  M.  A JB-algebra  A is  defined  to  be  of  complex  type 
if  all  dense  representations  ir  : A — ► B(H)sa  are  onto  a type  I factor  isomorphic 
to  B{H)sa  where  H is  a complex  Hilbert  space.  Every  dense  representation  is 
irreducible,  however  the  converese  is  true  if  and  only  if  A is  of  complex  type. 

A Jordan  algebra  A C B(H)sa  is  called  reversible  if  ai,...,an  E A,  then 
ai  • ■ ■ a„  +a„  • • • aj  E A.  A JC-algebra  A is  called  universally  reversible  if  7r(A) 
is  reversible  for  any  Jordan  representation  7 r : A — ► B(H)sa  (cf.[4],[44]).  A JC- 
algebra  is  universally  reversible  if  and  only  if  it  has  no  spin  factor  (or  equivalently 
type  l2  facor)  representation  other  than  onto  the  spin  factors  M2(R)3  and  M2(C)Ja 
(see  [44;Th.2.2]).  We  also  define  a JW-algebra  to  be  universally  reversible  if  it  is 
reversible  for  any  normal  Jordan  representations. 

Finally,  we  note  that  the  double  commutant  A**  of  a JB-algebra  A has  a 
natural  structure  of  a JBW-algebra,  which  is  called  the  enveloping  JBW-algebra  of 
A.  Similarly  as  in  the  C*-algebra  case,  it  is  also  characterized  by  the  canonical 
property. 


(cf.  references  [4],  [5],  [8],  [44],  [45],  [67]) 
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4.  Convexity  theory. 

A convex  set  K is  a set  which  is  closed  under  the  convex  combination  \x  + fiy 
with  x,y  G K and  A,/z  > 0 such  that  A + fj,  = 1.  For  any  subset  S C A',  we 
define  conv.  S :=  {Ax  + p.y ; x,  y G S and  A,  /i  > 0 such  that  A + fi  = 1}.  A subset 
F C K is  said  to  be  a face  of  I\  if,  for  any  x,  y G K and  A,  /x  > 0 with  A + /x  = 1, 
A x + py  £ F implies  x,y  G F.  A face  consisting  of  a single  element  is  called  an 
extreme  -point  . We  denote  the  set  of  all  extreme  points  of  K by  deK.  A face  F of 
K is  called  a split  face  of  I\,  if  there  exists  a face  F'  of  K such  that  every  element 
x G K is  uniquely  decomposed  as  a convex  conbination  of  elements  of  F and  F' . 

For  a subset  5 in  a topological  vector  space,  we  denote  by  cl. conv.  S the  closure 
of  conv.  S.  The  Krein-Milman  theorem  states  that,  if  K is  a compact  convex  subset 
of  a Hausdorff  locally  convex  topological  vector  space,  then  K = cl. conv.  deK . The 
Choquet-Bishop-de  Leeuw  theorem  refines  this  theorem  and  states  that  every  point 
in  a compact  convex  set  K is  the  barycenter  of  a probability  measure  which  is 
pseudo-supported  by  the  extreme  points  deK,  i.e.,  it  vanishes  on  every  Baire  subset 
of  K disjoint  from  deI\. 

An  ordered  linear  space  is  called  Archimedian  if  na  < e,  with  n G N,a  6 ,4 
implies  a < 0.  An  order  unit  space  (-4,  e)  is  an  Archimedian  ordered  linear  space 
such  that  A is  generated  by  an  order  unit  e,  i.e.,  A = U„eN  rc[— e,  e].  An  order 
unit  space  A is  considered  as  a normed  linear  space  equipped  with  the  order  unit 
norm  ||a||  = inf{A  > 0;  a G A[— e,e]}.  For  example,  a unital  JB-algebra,  hence  as  a 
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particular  case  the  self-adjoint  part  of  a unital  C*-algebra,  is  an  order  unit  space.  A 
base  norm,  space  (V,  A')  is  defined  to  be  a positively  generated  ordered  linear  space 
(i.e.,  V = V+  — F+)  such  that  K = {p  G F+;  a(p)  = 1}  for  some  a G (F*)+  (a  ^ 0) 
and  B = conv  ( K U —A')  is  a radially  bounded  set,  i.e.,  B D / is  a bounded  segment 
for  every  line  l through  the  origin  of  V . V is  considered  as  a normed  linear  space 
with  the  base  norm  ||/9||  = inf  {A  > 0;  p G A B}.  For  example,  the  dual  space  of  a 
unital  JB-algebra  (-4,  e)  is  a base  norm  space  with  the  state  space  I\  = 5(A)  as  its 
base.  More  generally,  order  unit  spaces  and  base  norm  spaces  are  the  duals  to  each 
other,  i.e.,  the  dual  of  an  order  unit  [resp.  base  norm]  space  is  a base  norm  [resp. 
order  unit]  space. 

The  state  space  of  an  order  unit  space  (A,  e)  is  defined  by  5(A)  = {u>  G 
(A*)+;  ||u;||  = 1}  = {w  G A*;  ||u;||  = u;(e)  = 1},  which  abstracts  the  corresponding 
definitions  for  unital  C*-  and  JB-algebras.  Then,  the  pure  state  space  P(A)  is  given 
by  P{A)  = deS(A),  and,  since  5(A)  is  w*-compact  convex,  by  the  Krein-Milman 
theorem,  5(A)  = cl.conv.  P(A).  The  Kadison’s  function  representation  theorem  is 
generalized  in  this  abstract  setting  as  the  embedding  A ► A(5(A))  :=  A(5(A),  R), 
where  the  map  is  onto  if  A is  complete. 

If  an  order  unit  space  (A,  e)  has  a base  norm  space  (V,  K)  as  its  predual, 
i.e.,  (A,  e)  = (Vr,  A')*,  then  the  normal  state  space  N(A)  = K and  K = Ab(K ) := 
A6(A',  R)  (order  isomorphism). 


(cf.  references  [3],  [12],  [61]) 
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5.  Alfsen-Shultz  theory. 

Let  (A,  e)  be  an  order  unit  space  which  is  the  dual  of  a base  norm  space  (V.  A'), 
i.e.,  .4  = Ab(I\).  A w*-continuous  positive  projection  (idempotent  map)  P : A — ► A 
with  ||P||  < 1 is  said  to  be  a P -projection  if  there  exists  a w*-continuous  positive 
projection  P'  : A — ► A with  || A37 1|  < 1 such  that 

ker+  P = im+  P' , im+  P = ker+  P' 
ker+  P*  = im+  P'* , im+ P*  = ker+ P'* 

where  P'  is  necessarily  unique  and  called  a quasicomplement  of  P.  To  every  P- 
projection  P is  associated  a projective  unit  up  = Pe  and  a projective  face  Fp  = 
K fl  im  P*  = {u>  € A' ; < up, u > = 1}.  The  sets  of  all  P-projections  on  A [resp. 
projective  units  in  A,  projective  faces  of  A']  are  denoted  by  V{A)  [resp.  U(A),  F{  A)]; 
where  an  odering  is  defined  by  P ■<  Q iff  PQ  = QP  = P in  P(A),  up  < uq  in  U(A) 
and  Fp  C Fq  in  P(A),  by  which  V(A), U{ A),  F{A)  are  order  isomorphic  under  the 
maps  P up  <-+  Fp. 

If  A is  a JBW-algebra  and  V is  the  predual  of  A,  then  the  P-projections  are 
exactly  the  maps  Up  : a ■— > {pap}  = 2p  o {p  o a)  — p o a for  all  a € A.  where  p is 
an  idempotent  and  {pap}  is  the  Jordan  triple  product;  up  = Upe  = p;  Fp  = {“  € 
A' ; < p.ui  > = 1}.  In  particular,  if  A is  the  self-adjoint  part  of  a W*-algebra.  the 
map  Up  reduces  to  Upa  = pap  {a  € A)  with  a self-adjoint  projection  p € A. 

Let  ( A,  e)  = (V,  K)* , then  a face  F of  K is  said  to  be  norm  exposed  if  F = {u;  6 
A ; < a.ui  > = 0}  for  some  a € A+.  Since  the  complement  of  a projective  face  Fp 
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is  defined  by  Fp  = Fp>  = {u>  € A";  < up,u>  >=0},  every  projective  face  is  norm 
exposed.  Two  elements  a,i  6 A+  are  said  to  be  orthogonal  (denoted  by  a _L  6),  if 
there  exists  a projective  face  Fp  of  K such  that  a = 0 on  Fp  and  b = 0 on  Fp  = Fp> . 
Then,  (A,  e)  and  (F,  K)  with  -4  = V*  are  defined  to  be  in  spectral  duality  if  every 
norm  exposed  face  of  I\  is  projective  and  every  a g .4  admits  a unique  decomposition 
a = a+  — a~  such  that  a+,a~  6 A+  with  a+  ± a-.  It  is  shown  in  [5],  [7]  that, 
if  (A,  e)  and  (F,  A')  are  in  spectral  duality,  then  V(A),U(A),F(A)  are  complete 
orthomodular  lattices  with  the  complementations  P >—►  P' , up  ► e — up,  Fp  i— i > Fp, 
which  correspond  to  each  other  under  the  isomorphisms  V(A)  <-►  U(A)  *-*  F{A)\ 
and  every  a £ .4  admits  a unique  spectral  resolution  a = J A de\  with  e\  € U(A) 
for  A G R,  which  generalizes  the  functional  calculus  for  W*-algebras  and  JBW- 
algebras  developped  in  [8].  Based  on  this  theory,  they  obtained  the  geometric 
characterizations  of  the  state  spaces  of  JB-algebras  [6],  and  C*-algebras  [4],  which 
we  summarized  in  Chapter  7. 

(cf.  references  [4],  [5],  [6],  [7],  [8],  [45],  [67]) 


6.  Nuclear  spaces  and  rigged  Hilbert  spaces. 
Let  be  a countable  normed  space  equipped  with  the  norms 


li  < 


I2  < 


< 


In  < 


I n+ 1 < 


Denoting  by  the  completion  of  f l with  respect  to  ||  • ||n,  we  have  the  sequence 


ft  c • ■ • C ft„+i  c ftB  c • • • C ft2  C fti- 
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Then  ft  is  defined  to  be  nuclear  if  and  only  if,  for  any  m,  there  exists  n > m such  that 
the  embedding  T™  : ft„  — ► ftm  is  given  by  a nuclear  operator.  More  generally,  let  ft 
be  a (complete)  nuclear  space  with  a scalar  product  which  is  continuous  relative  to 
the  nuclear  topology,  and  let  Hq  be  the  completion  of  ft  with  respect  to  this  scalar 
product.  Then  the  triplet  ft  C Hq  C ft*  is  called  a rigged  Hilbert  space  (cf. [39] ). 

We  note  that  every  separable  Hilbert  space  is  equipped  with  a rigged  Hilbert 
space,  which  is  isomorphically  given  by  <S(Rfc)  C £2(Rfc)  C S'(R*),  where  <S(R*) 
denotes  the  space  of  rapidly  decreasing  smooth  functions  on  R*,  and  the  countable 
norms  on  «S(Rfc)  are  given  by 


ll/IU  = sup  ||x“D',/(x)||  L’(R*)  , 
l“U/*l<n 


where 


x — x i x 2 


„a* 


D3  = 


Q0i+-+0k 

dx{1  • • • dxik 


k 

(|a|  = a«) 

i=i 

j= i 


This  system  of  Hilbert  norms  makes  all  ft„  into  Hilbert  spaces,  and  ft  is  called  a 
countably  Hilbert  nuclear  space.  Consequently,  for  any  CP-map  ip  = Vr*7rV  with  a 
representation  7r  on  a separable  Hilbert  space  Hn,  there  exists  a countably  Hilbert 
nuclear  space  ft  such  that  ft  C H„  C ft'  is  a rigged  Hilbert  space. 

Let  ft  be  a countably  Hilbert  nuclear  space.  Since  the  norm  of  the  Hilbert 
space  Hn  is  continuous  with  respect  to  the  nuclear  topology  on  ft,  there  exists 
n 6 N such  that  the  embedding  T : ft  — > Hq  is  a nuclear  operator  with  respect  to 
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the  norm  ||  • ||„  (cf. [39] ).  In  this  setting,  I.M.  Gelfand  and  N.Ya.  Vilenkin  showed 
( [39;§  4.4  Th.l’])  that,  if  Hq  is  represented  as  a direct  integral 

#n  = J Hn(()dn{()  with  h = J MC)^(C)  for  h e Hu, 

then,  for  every  £ € Z,  there  exists  a nuclear  operator  : 0,  — » Hq(Q  such  that, 
for  any  / € Q, 

Tdf)  = /(C)  for  n - a.e.  C G Z. 

(cf.  references  [39],  [66]) 


7.  Tomita-Takesaki  theory. 

A W*-algebra  M C B(7i),  which  is  realized  on  a Hilbert  space  if,  is  called 
a von  Neumann  algebra.  In  this  setting,  a non- degenerate  *-algebra  M C B(H) 
is  a.  von  Neumann  algebra  if  and  only  if  M is  weakly  closed,  or  equivalently  M = 
M" . where  the  commutant  of  J\f  C B(7i)  is  defined  by  j\f  = {a  € B(H):ab  = 
ha  for  all  b € jV}. 

For  the  convenience  of  our  discussion  in  Chapter  8,  we  give  a brief  sketch  of  the 
Tomita  Takesaki  theory  for  “standard”  von  Neumann  algebras  (defined  below)  fol- 
lowing the  method  of  van  Dale-Rieffel  ([25],  [26]).  We  note  that  Tomita- Takesaki's 
theorem  is  proved  for  any  von  Neumann  algebra,  where  the  essential  ideas  of  the 
proofs  are  parallel. 

For  a W*-algebra  M,  the  following  conditions  are  equivalent. 
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(i)  M is  a-  finite  , i.e.,  the  cardinarity  of  all  collections  of  mutually  orthogonal 
projections  of  M is  at  most  countable. 

(ii)  M has  a faithful  nomal  state  u>,  i.e.,  ui(a)  > 0 for  all  nonzero  a £ M+ . 

(iii)  M is  represented  as  a von  Neumann  algebra  7r(M)  C B(7i)  which  admits 
a cyclic  and  separating  vector  £ £ H,  i.e.,  [7r(M)£]  = H and  7 r(a)£  = 0 
implies  7r(a)  = 0. 

The  representation  7r  of  (iii)  is  called  the  standard  representation  of  M and 
the  von  Neumann  algebra  M = n(M ) is  called  a standard  von  Neumann  algebra  . 
Let  M C B{H ) be  a standard  von  Neumann  algebra  with  a cyclic  and  separating 
vector  £ 6 'H,  then  M'  is  also  a standard  von  Neumann  algebra  with  the  same 
cyclic  and  separating  vector  £ £ H.  Define  the  following  antilinear  operators  on  H. 

So  : a £ h- ► a*£  for  a £ M 
Fo  : a'f  ^ a'*£  for  a1  £ A4'. 

Then  So  and  Fo  are  densely  defined  closable  unbounded  operators,  and  the  closures 
S = So,  F = Fo  admit  the  polar  decompositions 

S = JA*,  F = 

The  positive  self-adjoint  operator  A is  called  the  modular  operator  , and  the  anti- 
unitary operator  J is  called  the  modular  conjugation  associated  with  the  standard 
pair  (A4,£). 
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Then  the  Tomita-Takesaki  theorem  states  that 

(1)  JMJ  = M' 

(2)  = M for  all  t G R. 

It  follows  from  the  first  assertion  that  M and  M'  are  *-anti-isomorphic.  Hence, 
there  exists  a natural  identification  of  M.  with  the  opposite  algebra  yVf°  which  is 
defined  to  be  the  algebra  consisting  of  the  same  elements  of  M.  with  the  reversed 
multiplication  of  M,  i.e.,  ( ab)°  — b°a° , which  is  characterized  by  the  existence  of  a 
*-anti-isomorphism  from  M onto  M° . This  point  of  view  is  used  in  Chapters  8. 
From  the  second  assertion, 

crt(a)  = Al!aA_,<  for  a G M. 

defines  a a- weakly  continuous  one-parameter  ^-automorphism  group  on  M.  Taice- 
saki  showed  that  <rf  is  unique  under  the  KMS-condition  on  the  faithful  normal  state 
u,’  defined  by  £,  i.e.,  there  exists  /?  > 0,  and,  for  each  pair  a,  b G «M,  there  exists 
a holomorphic  function  Fa<b(z)  in  Dg  = {z  G C;  — ft  < Imz  < 0}  with  boundary 
values  Fa,b{t ) = u>(at(a)b)  and  Fa<b(t  — i/3)  = u(b<7t(a))  for  all  < G R. 

(cf.  references  [19],  [25],  [26],  [60],  [72],  [74],  [76]) 
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